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Abstract—We present an approach targeting the physical
reproduction of sound fields by means of spherical distributions
of non-omnidirectional loudspeakers. The focus of this paper lies
on the modal incorporation of the loudspeaker’s spatio-temporal
transfer function into the loudspeaker driving function.

I. I NTRODUCTION
Traditionally, massive-multichannel sound field reproduction approaches like wave field synthesis or higher order Ambisonics assume that the involved secondary sources (i.e. loudspeakers) are omnidirectional. For lower frequencies, this assumption is indeed approximately fulfilled when conventional
loudspeakers with closed cabinets are considered. However,
for higher frequencies above a few thousand Hertz complex
radiation patterns evolve.
A number of approaches based on the theory of multipleinput-multiple-output (MIMO) systems have been proposed
in order to compensate for the influence of the reproduction
room and the loudspeaker radiation characteristics, e.g. [1],
[2], [3]. Room compensation (which includes compensation of
loudspeaker radiation properties) requires realtime analysis of
the reproduced sound field and adaptive algorithms due to the
time-variance of room acoustics (e.g. temperature variations).
Compensation of the loudspeaker radiation characteristics,
such as directivity and frequency response, is less complex
since it can be assumed that these characteristics are timeinvariant. No adaptation and therefore no real-time analysis is
required. However, in order that the radiation characteristics
can be compensated for while neglecting the reproduction
room, the radiation characteristics of the entire secondary
source setup have to be measured under anechoic conditions.
When certain physical constraints are accepted, a significant
reduction of complexity can be achieved and a continuous
formulation can be established. Besides time-invariance, the
fundamental physical constraints introduced in the presented
approach are:
(1) The secondary source arrangement is spherical.
(2) The spatio-temporal transfer function of the secondary
sources is shift-invariant with respect to rotation around
the center of the secondary source distribution. In other
words, all individual loudspeakers have to exhibit equal
radiation characteristics and have to be orientated towards
the center of the secondary source setup.

Requirement (1) can obviously be fulfilled. Preliminary measurements undertaken at Deutsche Telekom Laboratories have
shown that typical commercially available loudspeakers with
closed cabinets indeed exhibit similar to equal spatio-temporal
transfer functions in anechoic condition and when only one
model of loudspeakers is considered. This suggests that requirement (2) can also be fulfilled when the acoustical properties of the reproduction room are ignored.
We emphasize that the presented approach is not a compensation for deviations of the loudspeaker radiation characteristics
from certain assumptions (e.g. omnidirectionality). It is rather
such that the formulation of the approach allows for an explicit consideration thereof. For convenience, we use the term
directivity filter to refer to that component of the secondary
source driving function which represents the spatio-temporal
transfer function of the secondary sources.
The approach treated in this paper has been presented by the
authors in [4], [5], whereby formulations were kept general.
The 2.5-dimensional formulation of the problem can be found
in [6]. In this contribution, we investigate in detail the properties of the loudspeaker directivity filters which arise when
spherical secondary source setups are employed for threedimensional reproduction.
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Fig. 1. The coordinate systems used in this paper. Primed quantities belong
to a local coordinate system at position x′ 0 = [0 0 r0 ]T (see text). The
sphere indicates the secondary source distribution.

II. N OMENCLATURE AND

MATHEMATICAL PRELIMINARIES

The following notational conventions are used: Vectors
are denoted by lower case boldface. The three-dimensional
position vector in Cartesian coordinates is given as x =
[x y z]T . The Cartesian coordinates are linked to the spherical
coordinates via x = r cos α sin β, y = r sin α sin β, and
z = r cos β. α denotes the azimuth, β the zenith angle. Refer
also to Fig. 1.
The acoustic wavenumber is denoted
2 by k. It is related to the
temporal frequency by k 2 = ωc with ω denoting the radial
frequency and c the speed of sound. Outgoing spherical√
waves
ω
are denoted by r1 e−i c r . i is the imaginary unit (i = −1).
We employ a number of standard mathematical tools which
are defined below.
A sound field can be described by its spherical harmonics
expansion coefficients F̊nm (r, ω) as [7]
F (x, ω) =

∞ X
n
X

F̊nm (r, ω) Ynm (α, β) .

(1)

n=0 m=−n

The spherical harmonics Ynm (α, β) are defined as
s
(2n + 1) (n − m)!
· P m (cos β) · eimα , (2)
Ynm (α, β) =
4π
(n + m)! n
with Pnm (·) denoting the m-th order associated Legendre
polynomial of n-th degree.
Alternatively to the spherical harmonics expansion coefficients
F̊nm (r, ω), a sound field can be described by the coefficients
F̆nm (ω) as
F (x, ω) =

∞ X
n
X

F̆nm (ω)Bnm (x, ω) ,

(3)

n=0 m=−n

whereby the basis Bnm (x, ω) is the singular basis Snm (x, ω) for
purely diverging wave fields, or the regular basis Rnm (x, ω) for
source-free wave fields. Explicitly,
ω 
Snm (x, ω) = h(2)
r Ynm (α, β) ,
(4)
n
c
ω 
r Ynm (α, β) .
(5)
Rnm (x, ω) =
jn
c

(2)
hn ωc r denotes the
 n-th order spherical Hankel function of
second kind, jn ωc r the n-th order spherical Bessel function
of first kind [7].
The relation between the coefficients F̊nm (r, ω) and F̆nm (ω)
can be deduced from (1), (3), (4), and (5).
III. D ERIVATION

OF THE DRIVING FUNCTION

The approach outlined by the authors in [4] constitutes the
single-layer potential solution to the problem of sound field
reproduction. For a spherical distribution of secondary sources
and with radius r0 centered around the origin of the coordinate
system (refer to Fig. 1) the single-layer potential is given by [4]
P (x, ω) =

Z2πZπ
0 0

whereby P (x, ω) denotes the reproduced sound field,
D(x0 , ω) the driving signal of the secondary source located
at the position x0 = r0 · [cos α0 sin β0 sin α0 sin β0 cos β0 ]T ,
and G(x − x0 , ω) its spatio-temporal transfer function. Eq. (6)
is also termed reproduction equation.
A fundamental property of (6) is its inherent non-uniqueness
and ill-posedness [4]. I.e. in certain situations, the solution
is undefined and so-called critical or forbidden frequencies
arise. The forbidden frequencies are discrete and represent the
resonances of the cavity under consideration. However, there
are indications that the forbidden frequencies are only of minor
relevance when practical implementations are considered [7].
Note that we assume G(·) to be rotation invariant with respect
to rotation around the origin of the coordinate system (we write
G(x − x0 , ω) instead of G(x|x0 , ω)) [7]. This requires that
all secondary sources have to exhibit equal spatio-temporal
characteristics and have to be orientated towards the center of
the secondary source distribution.
Equation (6) can be interpreted as a convolution along the
surface of a sphere. In that case, the convolution theorem
r
4π
m
D̊m (ω) · G̊0n (r, ω) ,
(7)
P̊n (r, ω) = 2πr0
2n + 1 n
applies [8] which can be reformulated as [4]
r
2n + 1 P̆nm (ω)
1
m
.
D̊n (ω) =
2πr0
4π
Ğ0n (ω)

(8)

The asymmetry of the convolution theorem (7), P̊nm (r, ω)
vs. G̊0n (r, ω) is a consequence of the definition of (6) as
left convolution. An according convolution theorem for right
convolutions exists [8]. Note that (7) is the analog to the modematching which is performed in the traditional Ambisonics
approach.
Combining (8) with (1) yields the secondary source driving
function D(α, β, ω) for the reproduction of a desired sound
field with expansion coefficients P̆nm (ω) as
1
×
2πr0
r
∞ X
n
X
2n + 1 P̆nm (ω) m
×
Y (α, β) . (9)
4π Ğ0n (ω) n
n=0 m=−n

D(α, β, ω) =

Equation (9) can be verified by inserting it into (6). After
interchanging the order of integration and summation and
exploitation of the orthogonality of the spherical harmonics,
one arrives at the desired sound field, thus proving perfect
reproduction.
However, equation (9) generally only holds for |x| < r0 due to
the fact that the coefficients P̆nm (ω) and Ğ0n (ω) are typically
derived from interior expansions [7].
IV. I NCORPORATION

OF THE SECONDARY SOURCE

DIRECTIVITY COEFFICIENTS

D(x0 , ω) G(x − x0 , ω) r0 sin β0 dβ0 dα0 ,
(6)

The coefficients Ğ0n (ω) apparent in the driving function (9)
describe the spatio-temporal transfer function of a secondary
source which is positioned at the north pole of the sphere

(x0 = [0 0 r0 ]T ) and orientated towards the center of the
coordinate system (which coincides with the center of the
secondary source distribution). The expansion center is the
origin of the coordinate origin. This follows directly from the
convolution theorem (7).
However, typical loudspeaker directivity
measurements such
m′
′
as [9] yield the coefficients Ğ n′ (ω) (see below) of an expansion of the loudspeaker’s spatio-temporal transfer function
around the acoustical center of the loudspeaker denoted by
x′ 0 . The acoustical center of a loudspeaker is referred to as
the position of the latter in the remainder. For convenience,
we assume in the following that the loudspeaker under consideration is positioned at x′ 0 = x0 = [0 0 r0 ]T and is
orientated towards the origin ′of the global coordinate system.
m
Ğ′ n′

We term the coefficients
(ω) secondary source directivity
coefficients.
We establish a local coordinate system with origin at x0 and
whose axes are parallel to those of the global origin (refer to
Fig. 1). Then the spatio-temporal transfer function G(x′ , ω)
of the considered loudspeaker can be described as

′

G(x , ω) =

∞
X

′

n
X

m′

′

Ğ′ n′ (ω) Snm′ (x′ , ω)

(10)

n′ =0 m′ =−n′

with respect to the local coordinate system. Note that
x′ = x′ (x) = x + ∆x = x − r0 ez ,

(11)

re-ordering of the sums reveals the general form of Ğm
n (ω) as
G(x, ω) =

∞ X
n
X

Rnm (x)×

n=0 m=−n

×

∞
X

m

′

m

Ğ′ n′ (ω) (−1)n+n +2m (S|R)n n′ (r0 , ω) . (13)

n′ =|m|

|

{z

}

= Ğm
n (ω)

Note that we replaced m′ with m in (13) for convenience.
From the driving function (9) we can deduce that we do not
0
need all coefficients Ğm
n (ω) but only Ğn (ω)
Ğ0n (ω) =

∞
X

0

0

′

Ğ′ n′ (ω) (−1)n+n (S|R)n n′ (r0 , ω) . (14)

n′ =|m|
0

This reveals that only the subset Ğ′ n′ (ω) of the secondary
m

′

source directivity coefficients Ğ′ n′ (ω) need to be known. The
former represent those modes of G(x′ , ω) which symmetric
with respect to rotation around the vertical axis through the
expansion center.
This fact further facilitates the translation significantly. The
required zonal translation coefficients can be computed from
combinations of the initial values [10]
ω 
√
0
(15)
r0
(S|R)n 0 (r0 , ω) = (−1)n 2n + 1 h(2)
n
c

√
ω
(2)
(S|R)00 n′ (r0 , ω) =
2n′ + 1 hn′
r0 (16)
c
via the recursion formula
0

0

with ∆x = [0 0 − r0 ]. ez denotes the unit vector pointing
into positive z-direction.
In the remainder of this section we demonstrate how the
coefficients Ğ0n (ω) required by the secondary source driving
function
(9) can be yielded from the directivity coefficients
m′
′
Ğ n′ (ω) by applying appropriate translation operations.
The required translation along the z-axis in negative direction
can be performed elegantly by 1) flipping the z-axis, 2)
following the new axis by r0 in positive direction, and 3)
flipping back the new axis to coincide again with the zaxis [10].
Flipping the z-axis negates all odd harmonics, i.e. Ynm (α, π −
β) = (−1)n+m Ynm (α, β) [11]. The translation of the singular
′
part Snm′ (x′ , ω) of the expansion (10) along the z-axis in
positive direction results in [10]

′

Snm′ (x + r0 ez , ω) =

∞
X

′

′

m
(S|R)m
n n′ (r0 , ω) Rn (x) . (12)

n=|m′ |

The notation (S|R) indicates that the translation represents
a change from a singular basis expansion to a regular basis
expansion.
Inserting (12) in (10), flipping there and back the z-axis, and

an′ −1 (S|R)n n′ −1 (r0 , ω) − an′ (S|R)n n′ +1 (r0 , ω) =
0

0

an (S|R)n+1 n′ (r0 , ω) − an−1 (S|R)n−1 n′ (r0 , ω) , (17)

with

n+1
an = p
.
(2n + 1)(2n + 3)

(18)

It can be shown that the zonal translation coefficients are of
the form
′

0
(S|R)nn′

(r0 , ω) =

n
X

l′ =0
′

′

′

(2)

cl ,n,n hn+2l′ −n′

ω
c

r0



,

(19)

′

whereby cl ,n,n is a real number derived from (17) and (18).
V. P ROPERTIES

OF THE DIRECTIVITY FILTER

A. General
As evident from (14) and (19), each mode (n, m) of the
directivity filter is given by a summation over the product of
the secondary source directivity coefficient and the translation
coefficient. The translation coefficients can be implemented via
infinite impulse response filter (IIR) design approaches such
as performed in [12]. Alternatively, the digital implementation
can be obtained via an appropriate sampling of the analytical
mathematical expression (14) which results then in a finite
impulse response (FIR) representation.

Due to the fact that the secondary source directivity coefficients are typically yielded from measurements and are
modeled as FIR filters, e.g. [9], we propose to also apply the
FIR approach on the translation coefficients.
In order that the driving function (9) is defined neither mode
Ğ0n (ω) of the directivity filter may exhibit zeros. From (14) it
can be seen that each mode of the directivity filter is given by a
0
summation over all directivity coefficients Ğ′ n′ (ω) multiplied
0
by the respective translation coefficient (S|R)n n′ (r0 , ω). The
translation coefficients are linear combinations of spherical
Hankel functions of the same argument but of different orders (refer to (19)). Spherical Hankel functions of different
orders are linearly independent [7]. Thus, since spherical
Hankel functions do not exhibit zeros, a linear combination of
spherical Hankel functions and therefore also the translation
coefficients do not exhibit zeros either. The fact whether
the directivity filters (14) are defined or not is essentially
dependent on the properties of the secondary source directivity
0
coefficients Ğ′ n′ (ω).
Secondary source directivity coefficients yielded from measurements of real loudspeakers do not per se result in a wellbehaved driving function. Therefore (preferably frequency
dependent) regularization has to be applied in order to yield
a realizable solution. Contrary to conventional multichannel
regularization, the presented approach allows for independent
regularization of each mode n of the directivity filter. Thereby,
stable modes need not be regularized while the regularization
of individual unstable modes can be assumed to be favorable
compared to conventional regularization of the entire filter.
B. Causality
Spherical Hankel functions of second kind are explicitly
given by [10]

f ′
n′


−i ω
c r0 X
1
(n′ + f ′ )!
(2) ω
n′ +1 e
r0 = i
.
hn′
ω
′ ′
′
c
2i ωc r0
c r0 f ′ =0 f (n − f )!
(20)
The exponential term in (20) is independent of the order
n′ and can be factored out in (19). The exponential term
represents a delay in time domain whose duration equals
the propagation duration from a secondary source to the
center of the secondary source contour. Since the exponential
term appears in the numerator of the driving function (9) it
turns into an anticipation. In order that the driving function
stays causal, this anticipation has to be compensated by an
appropriate pre-delay.
Furthermore, the secondary source directivity coefficients
0
Ğ′ n′ (ω) are generally not minimum phase. The inversion then
leads to a filter of infinite length which can not be implemented
with an FIR approach. A lack of the minimum phase property
can also result in acausal components of the inverse filter.
These have to be compensated for via a modeling delay. Such
a modeling delay is simply an additional delay imposed on the
driving function in order to make acausal components causal.
Alternatively, the secondary source directivity coefficients can
be approximated by minimum phase filters.

VI. R ESULTS
In order to illustrate the general properties of the presented
approach we consider in the following a spherical distribution
of highly directional secondary sources whose spatio-temporal
transfer function is given by
( −n′ ′
∗
i
(N −1)!N ′ !
m′
m′
∀n′ ≤ N ′ − 1
′ +n′ )!(N ′ −n′ −1)! Yn′ (0, 0)
′
(N
Ğ n′ (ω) =
0
elsewhere .
(21)
with N ′ = 13. The asterisk ∗ indicates complex conjugation.
The normalized far-field directivity of G(·) is depicted in
Fig. 2.
Figure 3(a) depicts a continuous spherical distribution of

Fig. 2. Normalized far-field directivity of the secondary sources employed
in Fig. 3(a).

secondary sources with a directivity given by (21) reproducing
a virtual plane wave of fpw = 1000 Hz. For comparison,
Fig. 3(b) depicts the same virtual sound field reproduced
by a continuous distribution of secondary monopoles which
constitutes the classical scenario. It can be seen that, as
theoretically predicted, the virtual sound field is perfectly
reproduced inside the secondary source distribution, outside
the secondary source distribution the reproduced sound fields
differ considerably.
VII. C ONCLUSIONS
An approach for sound field reproduction employing spherical arrangements of secondary sources was presented. It was
focused on the general properties of the resulting secondary
source driving function when non-omnidirectional secondary
sources are used. In order that the presented approach is
applicable the spatio-temporal characteristics of the employed
secondary sources have to be invariant with respect to rotation
around the center of the secondary source arrangement. In
other words, all secondary sources have to exhibit equal
radiation characteristics and have to be orientated towards the
center of the secondary source arrangement.
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(a) Secondary sources exhibiting a transfer function given
by (21).
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(b) Secondary monopoles.
Fig. 3. A virtual plane wave of unit amplitude and of frequency fpw =
1000 Hz reproduced by continuous distributions of secondary sources with
different directivities. A cross-section through the horizontal plane is depicted.

Preliminary measurements of the ELAC 301 loudspeakers
which are employed in the loudspeaker system installed at
Deutsche Telekom Laboratories indicate that only very little
variation in the spatio-temporal characteristics in apparent
within different loudspeakers of the same model. This indicates that the presented approach is indeed applicable when
all loudspeakers are of the same model. However, the investigation of resulting errors when such variation in the spatiotemporal characteristics of the secondary sources is apparent
or when secondary sources are not properly positioned and
orientated could not be included in the present paper.
It was shown that only a subset of the spherical harmonics
coefficients of the loudspeaker directivity, namely the rotationsymmetric modes, have to be known. We assumed in the
presented investigation that these directivity coefficients are
precisely known. This requires high resolution measurements
of the coefficients in order to assure that no considerable
spatial aliasing occurs. These measurements can be assumed
to be less complex than in the conventional compensation
approaches which require to measure the entire loudspeaker

array (refer to Sec. I). Furthermore, the fact that only rotational
symmetric modes of the directivity need to measured provides
potential to further reduce complexity.
It is also advisable that the radius of the microphone array
which is employed in the measurement is not too different from the radius of the secondary source contour under
consideration. The presented approach implicitly includes an
extrapolation of the microphone array measurements to the
secondary source contour. The restrictions of extrapolation of
such spatially discrete data when spatial aliasing is apparent
is not known.
It has to be noted that the calculation of spherical Hankel functions of high orders and large arguments (i.e. high frequencies
or large radii of the secondary source contour) requires high
numerical precision. The fact that the modes of the directivity
filter can be pre-computed facilitates the task. However, the
measurement of high modes and high frequencies of the
loudspeakers’ spatio-temporal transfer function is sensitive
towards measurement noise and limitations arise [9] which
have not been investigated in detail.
Future work includes error analysis as described above.
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fourier-bessel analysis of loudspeaker radiation patterns using a spherical
array of microphones,” in 124th Convention of the AES, Amsterdam, The
Netherlands, May 17–20 2008.
[10] N. A. Gumerov and R. Duraiswami, Fast Multipole Methods for the
Helmholtz Equation in Three Dimensions. Amsterdam: Elsevier, 2004.
[11] F. Zotter, A. Sontacchi, M. Noisternig, and R. Höldrich, “Capturing the
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