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Introduction
The impulse response of a time-varying acoustic system
can be measured by a continuous measurement technique. In such a measurement, a system is continuously
excited by a periodic signal while the system changes
over time, e.g. movement of source or receiver. The response of the system is captured by a microphone and
the instantaneous impulse responses are computed from
the microphone signal. Due to its time eﬃciency, continuous measurement methods are used for (i) the measurement of a large number of acoustic impulse responses
e.g. spatial room impulse responses [1, 2] or head-related
impulse responses [3]. During the measurement, the receiver (microphone or dummy head) moves on a predetermined trajectory. Depending on the required spatial
resolution, an arbitrary number of impulse responses can
be extracted and further used for sound ﬁeld analysis
or binaural synthesis [4, 5]. The second application of
a continuous measurement technique is (ii) the auralization of dynamic auditory scenes [6]. For data-based
binaural synthesis, for instance, binaural room impulse
responses (BRIRs) are measured, and the ear signals are
generated by ﬁltering a dry source signal with the timevarying BRIRs. In this case, not only the accuracy of
the individual impulse responses, but also the transient
properties of the synthesized result have to be taken into
account.
Several continuous measurement techniques have been
proposed in earlier studies [1, 7, 8, 9]. Among others, adaptive system identiﬁcation using the Normalized
Least Mean Square (NLMS) algorithm is preferred due to
its low computational complexity [10] and fast tracking
ability when used in combination with a speciﬁc type
of signal, called perfect sequence [8]. NLMS was often used for the measurement of HRIRs [3]. In databased binaural synthesis of dynamic scenarios, however,
the ear signals suﬀer from artifacts that are presumably
attributed to system identiﬁcation errors [6, 9]. It is unclear, though, why such errors occur, what kind of properties these errors have, and how they aﬀect the performance of the auralization.
In this paper, it is shown that the output of a timevarying system carries limited information on the impulse
response history. Therefore, system identiﬁcation methods implicitly estimate the missing information by interpolation. The inherent interpolation ﬁlter of the NLMS
algorithm is derived and its properties are discussed. It
is proved that the transient properties of the identiﬁed

system are responsible for the artifacts occurring in auralization.

System Model
In this paper, a ﬁnite impulse response (FIR) model is
assumed,
N
−1

hk (n)x(n − k)
(1)
y(n) =
k=0

where x(n) denotes the input, y(n) the output, hk (n)
the k-th ﬁlter coeﬃcient at time n, and N the maximum
length of hk (n).
For continuous measurement, the system is excited by
a periodic perfect sequence ψ(n) = ψ(n + N ) [8]. The
periodic autocorrelation of a perfect sequence yields,
ϕψψ (n) =

N
−1


ψ(n + n )ψ(n) = E · δn̄0

(2)

n =0

where n̄ ≡ n mod N , and δmn denotes the Kronecker
delta.
loss of generality it is assumed that E =
N −1 Without
2
n=0 |ψ(n)| = 1. Note that the period is longer than
any impulse response of the system and thereby temporal
aliasing is avoided [11].
According to (2), two diﬀerent circular shifts of a given
perfect sequence are orthogonal unless the shift diﬀerence
is an integer multiple of N . Thus, an orthogonal basis
set for RN can be formed with N diﬀerent circular shifts
of ψ(n). Here, the circular shifts of the time-reversal
ψ(−n) (which are also perfect sequences) are considered


S = ψ(−n), ψ(1 − n), . . . , ψ(N − 1 − n) .
(3)
By using these basis functions, an impulse response can
be expanded into orthogonal components as
hk (n) =

N
−1


am (n)ψ(m − k),

(4)

m=0

for k = 0, . . . , N − 1, where am (n) denotes the expansion
coeﬃcient corresponding to the m-th orthogonal component ψ(m − k). The expansion coeﬃcients can be computed from hk (n) by
am (n) =

N
−1

k=0

for m = 0, . . . , N − 1.
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y(n)

n

The estimation error ε(n) is the diﬀerence between the
desired output y(n) and its estimate ŷ(n),
ε(n) = y(n) − ŷ(n)

a0 (n)
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am (n)

N
−1


m=0

=

N
−1


ĥk (n) = ĥk (n − 1) + μ ε(n)ψ(n − k).

ψ(m − k)ψ(n − k)

The ﬁrst thing to note from (11) is that only one orthogonal component is updated at a time. Therefore

am (n)δmn̄

m=0

am ψ(m − k) =

ĥk (n) =

(6)

N
−1


âm (n − 1)ψ(m − k)

m=0

where (2) and (4) are exploited. Equation (6) states
that the captured signal at time n corresponds to the
n̄-th orthogonal expansion coeﬃcient of hk (n). This is
illustrated in Fig. 1. For time-invariant systems, i.e.
hk (n) = hk and thus y(n) = an̄ , (4) constitutes the circular cross-correlation of ψ(n) and y(n),
N
−1


N
−1


(11)

Since hk (n) is estimated by using the current output
y(n), (11) constitutes an oﬀ-line processing which is different from the traditional NLMS [10, Eq. (7,10)]. In
the context of this paper, the entire output y(n) is
ﬁrst recorded and ĥk (n) is computed by post processing. Real-time processing is thus not a requirement, and
the above modiﬁcation is acceptable.

m=0

hk =

(10)

n

k=0

= an̄ (n)

ĥk (n − 1)ψ(n − k).

k=0

n

If the system is excited by ψ(n), the output reads
N
−1


N
−1


N −1
As in the previous section, k=0 |ψ(n − k)|2 = 1 is assumed, and thus (8) is simpliﬁed as

Figure 1: The relation of the captured signal y(n) and the
orthogonal expansion coeﬃcients am (n) for N = 4. See (6).

y(n) =

ŷ(n) =

n

13

a2 (n)
2

where

(9)



+ μ (an̄ (n) − ân̄ (n − 1)) ψ(n − k)

 

ε(n)

ân̄ (n) = ân̄ (n − 1) + μ an̄ (n) − ân̄ (n − 1)
= μan̄ (n) + (1 − μ)ân̄ (n − 1).

m=0

Normalized Least Mean Squre Algorithm
In this section, it is shown how the orthogonal expansion coeﬃcients are interpolated by the NLMS algorithm.
Here, the ﬁlter coeﬃcients are adaptively updated as [10,
Sec. 6.1.]
μ ε(n)
ψ(n − k), (8)
ĥk (n) = ĥk (n − 1) + N −1
2
k=0 |ψ(n − k)|
for k = 0, . . . , N − 1, where ĥk (n) denotes the estimate of
hk (n) and μ > 0 the step size (or adaptation constant).

(12)

ψ(n̄−k)

where âm (n) denotes the estimate of am (n). At time n,
only the n̄-th coeﬃcient is updated,

y(m + νN )ψ(m − k) (7)

which holds for ∀ν ∈ Z. If the system is piece-wise timeinvariant for at least N consecutive samples, the instantaneous impulse response can be computed by (7). In
general, however, the exact impulse responses cannot be
obtained since only one orthogonal coeﬃcient is observed
for each hk (n). As shown in Fig. 1, the original coeﬃcient am (n) is decimated by a factor of N . Therefore,
am (n) can be recovered only if the bandwidth of am (n)
is less than fNs with fs denoting the sampling rate. In
order to compute hk (n) for any n, the missing values of
am (n) have to be interpolated properly.


ĥk (n−1)

(13)

Once an orthogonal coeﬃcient is updated, the value remains unchanged for the subsequent N − 1 samples,
ân̄ (n + l) = ân̄ (n),

l = 0, . . . , N − 1.

(14)

The estimate ân̄ (n) is thus a weighted sum of the decimated sequence of am (n),
ân̄ (n + l) = μ

n
 N −1



(1 − μ)ν an̄ (n − νN )

(15)

ν=0

for l = 0, . . . , N − 1, where · denotes the ﬂoor operation. The initial estimate is assumed to ân̄ (0) = 0, for
convenience. Equation (15) constitutes an interpolator
where its FIR coeﬃcients are given as
gν = μ(1 − μ)ν ,

n
ν = 0, . . . ,  N
 − 1.

(16)

The ﬁlter coeﬃcients are shown in Fig. 2 for diﬀerent values of μ. The step-like behavior is attributed to the fact
that âm (n) is updated at every N -th sample. Although
not shown here, this is also the case if a time-varying step
size μ(n) is used.
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Figure 2: Equivalent interpolation ﬁlters for NLMS with
diﬀerent μ (see (15)). The abscissa is normalized by N .

The step size of μ = 1 is a special case where the equivalent interpolation ﬁlter is a rectangular window, as shown
in Fig. 2. In this case, the estimation error (9) reads
ε(n) = an̄ (n) − an̄ (n − N ).

(17)

It corresponds to the n̄-th orthogonal component of the
accumulated system changes between n − N and n. The
resulting ﬁlter ĥk (n) is identical to the circular convolution of y(n) and ψ(n) [12, 9]. As discussed in the previous
section, this is useful only if the system is time-invariant.
Note that the ﬁlters in Fig. 2 exhibit discontinuities which
results in abrupt changes of am (n). Moreover, since
NLMS exploits only the values from y(0) to y(n), the
interpolation ﬁlter is asymmetric. The inﬂuence of these
properties on time-varying system identiﬁcation is examined in the following section.

Evaluation
A dynamic system was simulated where the impulse response is a time-varying delay
⎧
⎪
t < −T
⎨δ(τ + τ0 ),
τ
π
(18)
h(t, τ ) = δ τ − τ0 sin( 2 T ) , −T ≤ t ≤ T
⎪
⎩
δ(τ − τ0 ),
t > T,
where δ(t) denotes the Dirac delta function. For t < −T ,
the system is in a static state for a long time so that
ĥk (n) has converged to hk (n). Between −T ≤ t ≤ T , the
time-of-arrival changes continuously from −τ0 to τ0 . For
t > T , the system reaches a static state. The discretetime impulse responses corresponding to (18) were simulated for T = 1 s, τ0 = 1 ms, and fs = 44.1 kHz. The
non-integer delays were implemented by using fractional
delay ﬁlters of order 23 [13]. A perfect sequence with a
period of N = 256 was used to excite the system. The
instantaneous impulse responses were computed by the
NLMS algorithm where the step size was set to μ = 1
unless otherwise speciﬁed.
The orthogonal expansion coeﬃcients âm (n) were computed from ĥk (n) by using (5). Three selected coeﬃcients
are shown in Fig. 3 along with the true values indicated

-40

-20

0
20
t / ms

40

60

Figure 3: Estimates of the orthogonal expansion coeﬃcients
(m = 100, 150, 200) by using NLMS for μ = 1 and N = 256.
âm (n) is indicated by blue lines whereas the true value am (n)
is indicated by gray lines.

by gray lines. As anticipated, âm (n) suﬀers from discontinuities appearing at n = m+νN, ν ∈ Z. This is the case
even for slowly changing coeﬃcients like â150 (n). Due to
the asymmetric interpolation, the tracking of am (n) is
lagged, which is observable for â100 (n) and â200 (n).
This behavior clearly inﬂuences the technical performance of system identiﬁcation. The time-varying ﬁlter
coeﬃcients hk (n) and ĥk (n) are shown in Fig. 4(a) and
4(b), respectively. For t < −T and t > T , ĥk (n) converges to hk (n). However, the performance is strongly
degraded in the time-varying phase, −T ≤ t ≤ T . This
is also evident in Fig. 5 where the normalized system
distances,
N −1
|hk (n) − ĥk (n)|2
,
(19)
D(n) = k=0
N −1
2
k=0 |hk (n)|
are plotted for diﬀerent μ. As is well known, NLMS with
larger step size shows faster convergence but suﬀers from
misalignment [10]. Around t = 0 where the changing rate
of the system is at maximum, the performance does not
diﬀer signiﬁcantly.
If the individual impulse responses are used to ﬁlter a
source signal s(n), which simulates a time-invariant system, the diﬀerence between hk (n) and ĥk (n) is barely
perceptible. However, if a dynamic scenario is simulated
by time-varying ﬁltering,
ys (n) =

N
−1


ĥk (n)s(n − k)

(20)

k=0

strong artifacts are audible for ĥk (n). The transient response seems to be important from a perceptual point of
view. The transient signal is deﬁned as the additional
component caused by the update of ĥk (n),
ytr (n) =

N
−1


Δĥk (n)s(n − k)

(21)

k=0

where Δĥk (n) = ĥk (n) − ĥk (n − 1). The spectrograms
of ytr (n) and ŷtr (n) are shown in Fig. 4(c) and 4(d),
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The NLMS algorithm was investigated in the context of
oﬀ-line time-varying system identiﬁcation. It was shown
that the output of a system excited by a perfect sequence
can be interpreted as a decimated version of the orthogonal expansion coeﬃcients of the time-varying impulse response. NLMS turned out to inherently perform a coarse
interpolation where the equivalent interpolation ﬁlter has
asymmetric and step-like coeﬃcients, as shown in Fig 2.
NLMS should be used only if piece-wise time-invariance
can be assured. Otherwise, it is suggested to employ linear or higher-order interpolation ﬁlters [9]. This is particularly the case if the impulse responses are intended to
be used for the auralization of dynamic auditory scenes.
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the other hand, the transient signal has a much larger
amplitude and the time-frequency structure is quite different from the source signal. In informal listening, it
rather sounds like the perfect sequence ψ(n) used in the
measurement. This can be explained by the fact that
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