
Audio Engineering Society

Convention Paper
Presented at the 120th Convention
2006 May 20–23 Paris, France

This convention paper has been reproduced from the author’s advance manuscript, without editing, corrections, or
consideration by the Review Board. The AES takes no responsibility for the contents. Additional papers may be

obtained by sending request and remittance to Audio Engineering Society, 60 East 42nd Street, New York, New York
10165-2520, USA; also see www.aes.org. All rights reserved. Reproduction of this paper, or any portion thereof, is
not permitted without direct permission from the Journal of the Audio Engineering Society.

Spatial Aliasing Artifacts Produced
by Linear and Circular Loudspeaker Arrays
used for Wave Field Synthesis

Sascha Spors1 and Rudolf Rabenstein2

1Deutsche Telekom Laboratories, Ernst-Reuter Platz 7, 10587 Berlin, Germany

2Telecommunications Laboratory, University Erlangen-Nuremberg, Cauerstrasse 7, 91058 Erlangen, Germany

Correspondence should be addressed to Sascha Spors (Sascha.Spors@telekom.de)

ABSTRACT

Wave field synthesis allows the exact reproduction of sound fields if the requirements of its physical foundation
are met. However, the practical realization imposes certain technical constraints. One of these is the
application of loudspeaker arrays as an approximation to a spatially continuous source distribution. The
effect of a finite spacing of the loudspeakers can be described as spatial sampling artifacts. This contribution
derives a description of the spatial sampling process for planar linear and circular arrays, analyzes the
sampling artifacts and discusses the conditions for preventing spatial aliasing. It furthermore introduces the
reproduced aliasing-to-signal ratio as a measure for the energy of aliasing contributions.

1. INTRODUCTION

Wave field synthesis is one of the key technologies
for spatial sound reproduction. Based on a purely
physical description of acoustic wave fields, it has the
potential for an exact reproduction of desired sound
fields within an extended listening area. The effect
of virtual sound sources (primary sources) is recre-
ated by a continuous distribution of monopole and
dipole sources on a closed surface around the listen-
ing area (secondary sources). However, in practical

installations it is necessary to deviate from the strict
requirements of the physical principles. For techni-
cal reasons, the continuous distribution of secondary
sources is replaced by an arrangement of loudspeak-
ers at discrete positions. This approximation can
be described as a spatial sampling process, which
potentially creates spatial aliasing artifacts. These
artifacts may not only impair the perceived audio
reproduction quality, they can also affect the appli-
cation of active control techniques.
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For the perceived reproduction quality spatial alias-
ing plays no dominant role since the human audi-
tory system doesn’t seem to be too sensible for spa-
tial aliasing. A distance of 10...30 cm between the
loudspeakers has proven to be suitable in practice
for reproduction only purposes [3, 4]. However, the
underlying psychoacoustic mechanisms are not clear
and there are implications that spatial aliasing pro-
duces colorations of the perceived sound [5]. Hence,
a detailed mathematical analysis of spatial aliasing
artifacts may help to understand the psychoacoustic
mechanisms on the one hand, and on the other hand
to improve reproduction quality.
The performance of active control applications like
active listening room compensation [6], active noise
control (ANC) and acoustic echo cancelation (AEC)
will be limited by spatial aliasing. A detailed anal-
ysis of spatial aliasing artifacts helps to predict the
performance of such techniques.
Sampling conditions for wave fields have already
been investigated e. g. by [1, 2]. However, the re-
quirements for wave field reproduction have not
been considered. Typical implementations of WFS
systems are based on (piecewise) linear or circular
shaped loudspeaker arrays. An anti-aliasing condi-
tion for linear loudspeaker arrays has already been
published [4, 7]. However, to the knowledge of the
authors no detailed analysis of the aliasing artifacts
for linear neither for circular arrays has been per-
formed so far. This paper analyzes the spatial alias-
ing artifacts of linear and circular loudspeaker arrays
used for sound reproduction. Based on this analysis,
anti-aliasing conditions are derived.
The frequency domain description of time domain
sampled signals, by way of their Fourier transforma-
tion, has proven to be a powerful tool in the past for
the description of temporal aliasing. A similar ap-
proach is chosen in this paper by interpreting acous-
tic wave fields as multidimensional signals.
The paper is organized as follows: A mathematical
description of the wave field produced by an arbi-
trary shaped contour of secondary sources is pre-
sented in Section 2. It is shown that the repro-
duced wave field can be derived by a generalized
spatio-temporal convolution (filtering) of the sec-
ondary source driving signal with the wave field pro-
duced by a secondary source. At first, the geometry
is specialized to linear arrays in Section 3. Then sim-
ilar steps as for a linear array are performed for the

analysis of circular arrays in Section 4. Section 5
illustrates the application of the derived sampling
theorems to point sources as secondary sources, and
finally Section 6 gives a summary and conclusion.

1.1. Nomenclature

The following conventions are used in this paper: For
scalar variables lower case denotes the time domain,
upper case the temporal frequency domain. Vectors
are denoted by lower case boldface. The spatial fre-
quency domain is denoted by a tilde placed over the
respective symbol. The coordinate system in which
a quantity is defined is denoted by the symbols C

or P in the index of a quantity, where C denotes the
Cartesian coordinate system and P the polar coordi-
nate system. The two-dimensional position vector in
Cartesian coordinates is given as xC = [x y]T and in
polar coordinates as xP = [α r]T , where x = r cosα
and y = r sin α.

2. SOUND REPRODUCTION

The following section briefly reviews the foundations
of sound reproduction systems and the concept of
wave field synthesis.

2.1. Fundamentals of Sound Reproduction

The theoretical basis of sound reproduction is given
by the Kirchhoff-Helmholtz integral [8]

P (x, ω) = −

∮

∂V

(

G(x|x0, ω)
∂

∂n
S(x0, ω)−

−S(x0, ω)
∂

∂n
G(x|x0, ω)

)

dS0 , (1)

where G(x|x0, ω) denotes a suitable chosen free-field
Green’s function, ∂/∂n the directional gradient, x a
point in the closed region V (x ∈ V ) and x0 a point
on the boundary ∂V of that region. The underly-
ing geometry is illustrated in Figure 1. Please note,
that the region V may be two- or three-dimensional.
In the first case V describes a plane and ∂V the
closed contour surrounding it, in the second case V
describes a volume and ∂V the closed surface sur-
rounding it.
The free-field Green’s function G(x|x0, ω) can be in-
terpreted as the field of a monopole source placed
at the point x0. The directional gradient of typi-
cal free-field Green’s functions used in this context
can be interpreted as the field of a dipole source
placed at x0, whose main axis lies in direction of the
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Fig. 1: Parameters used for the Kirchhoff-Helmholtz integral (1).

normal vector n. Hence the Kirchhoff-Helmholtz in-
tegral states, that the acoustic pressure inside the
region V can be controlled by a monopole and a
dipole source distribution on the boundary ∂V en-
closing the region V . These sources are termed as
secondary sources in the following. The field outside
of V is zero.
In practice it is desirable to utilize only one of the
two secondary source types. The second term in
the Kirchhoff-Helmholtz integral (1) involving the
dipole sources can be eliminated under the following
assumptions [9, 10, 11]:

1. excitation of only those secondary sources
where the normal vector n has a component in
the direction of the local propagation direction
of the virtual source wave field,

2. limitation to concave secondary source contours
∂V , and

3. doubling of the strength of the driving function
in order to cope for the elimination of the dipole
sources.

A consequence of using monopoles only for sound
reproduction is that the field outside the area V will

not vanish any more.
The reproduced wave field for monopole-only repro-
duction is given as follows [10, 11]

P (x, ω) =

−

∮

∂V

2a(x0)
∂

∂n
S(x0, ω)

︸ ︷︷ ︸

D(x0,ω)

G(x|x0, ω) dS0 , (2)

where D(x0, ω) denotes the secondary source driving
function and a(x0) a window function which takes
care that only the relevant secondary sources are
excited (see first assumption made above). The free-
field Green’s function G(x|x0, ω) used in Eq. (2) has
not been specified so far. The next two sections
specialize the Green’s function to three- and two-
dimensional sound reproduction scenarios.

2.2. Three-Dimensional Sound Reproduction

The particular form of the Green’s function depends
on the dimensionality of the problem and the homo-
geneous boundary conditions imposed on ∂V . For
sound reproduction free-field conditions are desired.
Hence, the three-dimensional free-field Green’s func-
tion is the appropriate choice for three-dimensional
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sound reproduction. It is given as follows [8]

G3D(x|x0, ω) =
1

4π

e−jk|x−x0|

|x − x0|
. (3)

Equation (3) can be interpreted as the field of a
monopole point source located at the position x0.
In the remainder of this paper, the spatial Fourier
transformation of the three-dimensional free-field
Green’s function is required. The spatial Fourier
transformation G̃C,3D(kC, ω) of G3D(x|0, ω) can be
calculated by way of its Hankel transformation. It
is given as [12]

G̃C,3D(kC, ω) =
1

4π

1
√

k2
x + k2

y − (ω
c
)2

. (4)

2.3. Two-Dimensional Sound Reproduction

In general, it will not be feasible to control the
pressure on the entire two-dimensional surface of
a three-dimensional volume. Typical reproduction
systems are therefore restricted to the reproduction
in a plane only.
The required reduction in dimensionality is per-
formed by assuming that the reproduced wave
field is independent from the z-coordinate,
e. g. PC(x, y, z, ω) = PC(x, y, ω). The two-
dimensional free-field Green’s function is given
as [8]

G2D(x|x0, ω) =
j

4
H

(2)
0 (k |x − x0|) , (5)

where H
(1),(2)
ν (·) denotes the ν-th order Hankel func-

tion of first/second kind [13]. Equation (5) can be
interpreted as the field of a monopole line source
which intersects the reproduction plane at the posi-
tion x0.
The spatial Fourier transformation of G2D(x|0, ω)
can be calculated by way of its Hankel transforma-
tion. It is given as

G̃C,2D(kC, ω) = −
1

4(k2
x + k2

y − (ω
c
)2)

+

+
j

4
√

k2
x + k2

y

δ(
√

k2
x + k2

y −
ω

c
) . (6)

The discussion of aliasing artifacts in the remainder
of this paper will be limited to reproduction systems

that aim at the reproduction of the virtual source
wave field in a plane only.

2.4. Wave Field Synthesis

The theory of sound reproduction, as presented
so far, assumed that a two-dimensional sound re-
production system is realized with monopole line
sources as secondary sources. The concept of wave
field synthesis (WFS) however, utilizes point sources
as secondary sources [4, 14, 15, 16, 17, 18]. A reason
for this choice is that closed loudspeakers constitute
reasonable approximations of point sources. A WFS
system is typically realized by using loudspeaker ar-
rays located in a plane which surround the listening
area. These loudspeakers should be leveled with the
listeners ears for best results. The listening area and
the surrounding loudspeaker array may have arbi-
trary shapes.
Choosing point sources instead of line sources leads
to spectral and amplitude artifacts being present in
the reproduced wave field. These artifacts can be
corrected to some extend by modifying the driving
function D(x0, ω). The artifacts of WFS have been
discussed in detail by [17, 18, 19]. It is assumed
in the following, that line sources are used for two-
dimensional sound reproduction. However, the de-
rived results can be applied straightforward to point
sources as secondary sources. This is shown in Sec-
tion 5.

2.5. Frequency Domain Representation of the

Reproduced Wave Field

The free-field Green’s functions given by Eq. (3) and
Eq. (5) do not explicitly depend on the points x and
x0, but on their distance G(x|x0, ω) = G(x−x0, ω).
Hence, for free-field propagation Eq. (2) can be in-
terpreted as a generalized convolution integral. The
driving function D(x0, ω) is convolved with the sec-
ondary source field G(x−x0, ω). The convolution is
performed on/along the closed surface/contour ∂V .
The convolution of two time-domain signals is con-
veniently represented in the temporal frequency do-
main by using the convolution theorem of the Fourier
transformation. Furthermore the frequency domain
description of time-domain sampled signals is very
efficient to describe aliasing artifacts. This suggest
that a spatio-temporal frequency-domain descrip-
tion of the reproduced wave field P (x, ω) is useful
in order to describe the reproduced wave field for a
discrete secondary source distribution. However, for
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the generalized convolution (2) this desired descrip-
tion cannot be derived straightforward for arbitrary
secondary source contours.
This paper concentrates therefore on the derivation
of the spatial aliasing artifacts for two specific ge-
ometries: on linear and on circular secondary source
contours ∂V . The next section discusses the sam-
pling artifacts of linear arrays, Section 4 the artifacts
of circular arrays.

3. SAMPLING ARTIFACTS PRODUCED BY

LINEAR ARRAYS

A detailed analysis of the sampling artifacts pro-
duced by linear loudspeaker arrays has already been
published by one of the authors in [20]. This section
provides an overview of the results.

3.1. Reproduced Wave Field

Without loss of generality, the geometry depicted in
Fig. 2 is assumed: a linear secondary source distribu-
tion which is located on the x-axis (y = 0) of a Carte-
sian coordinate system. The reproduced wave field
is derived from Eq. (2) by degenerating the closed
contour ∂V to a line with infinite length. This line
will divide the x-y-plane into two-regions. One of
these can be chosen as the listening area. The up-
per half plane (y > 0) is used as listening area in
the following. Please note that in the listening area
only those virtual source wave fields can be repro-
duced where the local propagation direction at the
secondary source distribution has a component in
the direction of the normal vector n.
Specializing Eq. (2) to the geometry depicted by
Fig. 2 yields

PC(xC, ω) =

−

∫ ∞

−∞

DC(xC,0, ω)GC,2D(xC − xC,0, ω) dx0 , (7)

where xC,0 = [ x0 0 ]T . Applying a two-
dimensional spatial Fourier transformation [8] to
Eq. (7) yields the pressure field in the spatio-
temporal frequency domain as

P̃C(k, ω) = −D̃C(kx, ω) G̃C,2D(kC, ω) . (8)

The vector kC = [ kx ky ]T denotes the spatial fre-
quency vector (wave vector), where for acoustic wave
fields |k| = ω/c.
In order to derive the effects of spatial sampling and

a sampling theorem, the spatio-temporal spectrums
of the secondary sources G̃C,2D(kC, ω) and the driv-

ing function D̃C(kx, ω) have to be considered. The
spectrum of the driving function D̃C(kx, ω) depends
on the wave field of the virtual source SC(xC, ω). It
is sufficient to consider a plane wave as wave field for
the virtual source, since arbitrary wave fields can be
decomposed into plane waves [8].

3.2. Sampling Artifacts for the Reproduction of

Plane Waves

For the upper half plane (y > 0), the secondary
source distribution is only capable of reproducing
plane waves traveling into the positive y-direction.
It is therefore reasonable to limit the incidence an-
gle of the virtual plane waves to 0 ≤ αpw < π in the

following. The reproduced wave field P̃C,S,pw(k, ω)
for a spatially discrete secondary source distribution
is given as [20]

P̃C,S,pw(k, ω) =

π
ω

c
sin αpw

∞∑

η=−∞

δ(kx −
2π

∆x
η −

ω

c
cosαpw)×

×

(
1

k
δ(

√

k2
x + k2

y −
ω

c
) + j

1

k2
x + k2

y − (ω
c
)2

)

.

(9)

The reproduced spectrum consists of a real and an
imaginary part. The imaginary part can be identi-
fied as being produced by the near-field of the sec-
ondary sources. This part is neglected first for the
derivation of the sampling artifacts. For a fixed tem-
poral frequency ω, the first Delta function in the
real part of Eq. (9) can be interpreted as a series of
Dirac lines perpendicular to the ky-axis at the po-
sitions kx = 2π

∆x
η + ω

c
cosαpw. The second Delta

function can be interpreted as a circular Dirac pulse
with the radius ω

c
. Figure 3 illustrates the real part

of P̃C,S,pw in the spatial kx-ky-frequency plane. Due
to the sifting property of Dirac functions, the result
of the multiplication of the two Dirac functions is
given by their intersections in the spatial frequency
plane. The result for η = 0 comprises the desired
plane wave. The other terms in the sum for η 6= 0
are potential aliasing contributions.
For the situation shown in Fig. 3, the result are two
Dirac pulses at the positions indicated by the dots •.
In this particular example, these two represent the
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x

Fig. 2: Geometry used to derive the sampling artifacts of linear loudspeaker arrays. The • denote the
sampling positions of the secondary sources and the gray plane the reproduction area for a plane wave with
incidence angle αpw using a finite length array.
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√
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c
)
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c
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∆x

− ω
c
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Fig. 3: Illustration of the real part of the spectrum P̃S reproduced by a discrete secondary monopole source
distribution for the reproduction of a plane wave with incidence angle αpw. The resulting spectrum is given
by the intersection of the two Dirac functions at the positions indicated by the dots •.
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desired wave field of a plane wave traveling into the
positive y-direction for the upper half plane (y > 0)
and into the negative y-direction for the lower half
plane (y < 0). This symmetry results from the re-
production using secondary monopole sources only.
For an increasing distance ∆x between the sec-
ondary sources or an increasing frequency ω = 2πf
there may also be additional contributions besides
the desired plane wave in the reproduced wave field.
In this first case, the repetitions of the Dirac lines
in the real part of Eq. (9) for η 6= 0 move towards
the circular Delta function. In the second case, the
radius of the circular Dirac pulse increases and the
Dirac lines move towards higher values of kx. If more
than one Dirac line overlaps with the circular Delta
function additional plane wave contributions result.
These contributions constitute spatial aliasing due
to spatial sampling of the secondary source distribu-
tion. They are avoided if the frequency of the repro-
duced plane wave is limited. An anti-aliasing con-
dition for the driving function can be derived from
Fig. 3 and Eq. (9) as

f ≤
c

∆x (1 + |cosαpw|)
. (10)

Thus, a reduction of the temporal frequency and/or
the incidence angle of the reproduced monochro-
matic plane wave avoids spatial aliasing present in
the reproduced wave field. Please note that the
condition (10) differs from the one derived in [4]
since the propagation characteristics of the sec-
ondary sources are included.
If the anti-aliasing condition (10) is not fulfilled,
aliasing artifacts are present in the reproduced wave
field. According to Fig. 3 and Eq. (9) these artifacts
constitute a superposition of plane waves with dif-
ferent incidence angles than the desired plane wave.
So far, only the real part of the reproduced spectrum
was considered. The anti-aliasing condition (10) ap-
plies only approximately to the imaginary part of the
reproduced spectrum. This is due to the fact that
the part of the secondary source spectrum belonging
to the evanescent contributions of the reproduced
wave field is not strictly band-limited. However, its
singular value and hence its main contribution to
the reproduced wave field is located on the circular
contour shown in Fig. 3.
Up to now, the linear secondary source distribu-
tion was assumed to be of infinite length in the

x-direction. However, practical implementations of
linear loudspeaker arrays will always be of finite
length. For the reproduction of plane waves, the ef-
fect of truncation can be approximated quite well by
simple geometric means, as illustrated by the gray
area in Fig. 2. This approximation states that a
plane wave will be reproduced only in a tilted rectan-
gular area in front of the array, whose width is equiv-
alent to the aperture of the array in the x-direction
and whose length in the y-direction is infinite. The
area is tilted by the incidence angle αpw of the plane
wave to be reproduced.
As a consequence to this limited reproduction area,
the aliasing effects discussed above depend on the
listener position. This is due to the fact, that not all
plane waves are reproduced at all listener positions.
A special case is represented by a plane wave with an
incidence angle of αpw = 90o and listener positions
far away from the array: no aliasing artifacts will
be present here. The aliasing frequency is infinite in
this case.

3.3. Application Example

In the following example the reproduction of a
monochromatic plane wave with an incidence angle
of αpw = 90o and a frequency of f0 = 10 kHz using a
linear discrete distribution of secondary line sources
is considered. The sampling distance between the
secondary sources is chosen to ∆x = 0.15m. Fig-
ure 4 illustrates the incidence angles of the repro-
duced plane waves in a polar diagram. Each line
represents a plane wave traveling into the depicted
direction. The dashed line represents the desired
plane wave, the solid lines the aliasing contributions.
Besides the desired plane wave, eight plane waves
constituting aliasing are reproduced in this particu-
lar example.
The gray wedge shown in Fig. 4 illustrates the ef-
fect of truncation for an array with a total length of
l = 2.10 m and a listener position in the center of
the array (xl = 0 m) at a distance of yl = 1 m. Only
plane wave contributions within the angles depicted
by the gray wedge are reproduced.

4. SAMPLING ARTIFACTS PRODUCED BY

CIRCULAR ARRAYS

The following section discusses the sampling arti-
facts produced by circular loudspeaker arrays. It is
convenient to use polar coordinates for the descrip-
tion of the reproduced wave field in this case due to
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Fig. 4: Incidence angle of the desired plane wave αpw

(dashed line) and its aliasing contributions αpw,ηal

(solid lines). The gray wedge illustrates the effect of
truncation for one particular listener position.

the underlying circular geometry of the problem.

4.1. Reproduced Wave Field

In the following the wave field reproduced by a cir-
cular shaped discrete secondary source distribution
with radius R is investigated. Figure 5 illustrates
the geometry. The reproduced wave field PP(xP, ω)
is given by specializing Eq. (2) to the geometry de-
picted in Fig. 5

PP(xP, ω) = −
j

4

∫ 2π

0

DP(α0, R, ω)H
(2)
0 (k∆r) R dα0 ,

(11)
where ∆r = |xP − xP,0|. The Hankel function

H
(2)
0 (k∆r) in Eq. (11) can be expressed by Bessel

and Hankel functions which depend only on one of
the positions xP and xP,0 using the shift theorem of
the Hankel functions. For r ≤ R the Hankel function
H

(2)
0 (k∆r) can be expressed as follows [8]

H
(2)
0 (k |xP − xP,0|) =

∞∑

ν=−∞

Jν(kr)H(2)
ν (kR)ejν(α−α0) . (12)

Introducing Eq. (12) into Eq. (11) yields the repro-

duced wave field inside the circular boundary ∂V as

PP(xP, ω) = −
j

4

∞∑

ν=−∞

Jν(kr)H(2)
ν (kR)R ejνα×

×

∫ 2π

0

DP(α0, R, ω) e−jνα0 dα0 =

= −j
π

2
R

∞∑

ν=−∞

Jν(kr)H(2)
ν (kR) D̊(ν, R, ω) ejνα ,

(13)

where for the second equality the definition of the
Fourier series [21] was used to eliminate the angular
integral. Equation (13) states that the reproduced
wave field is given by a Fourier series with respect to
the angle α. The coefficients of this series are given
by the Fourier series coefficients D̊(ν, R, ω) of the
driving function weighted by a Bessel and a Hankel
function.
The effect of discretizing the secondary source distri-
bution is modeled by sampling the loudspeaker driv-
ing function DP(α0, R, ω) at equidistant angles, re-
sulting in a total of N sampled secondary source po-
sitions. The sampled driving function DP,S(α0, R, ω)
is given as

DP,S(α0, R, ω) = DP(α0, R, ω)

M−1∑

φ=0

δ(α0 −
φ

M
2π) .

(14)
Angular sampling results in repetitions of the angu-
lar spectrum. Applying this principle to the sampled
driving function DP,S(α0, R, ω) results in the Fourier

series coefficients D̊S(ν, R, ω) of the sampled driving
function

D̊S(ν, R, ω) =

∞∑

η=−∞

D̊(ν + ηN, R, ω) . (15)

Introducing Eq. (15) into Eq. (13) yields the wave
field PP,S(xP, ω) reproduced by a discrete secondary
source distribution as

PP,S(xP, ω) = −j
π

2
R

∞∑

η=−∞

∞∑

ν=−∞

×

× Jν(kr)H(2)
ν (kR) D̊S(ν + ηN, R, ω) ejνα . (16)

The result for η = 0 constitutes the desired wave
field. Please note, that effects of the limited aper-
ture of the array are included inherently in Eq. (16)
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Fig. 5: Geometry used to derive the sampling artifacts of circular loudspeaker arrays. The dots • denote the
spatial sampling positions of the driving function DP(α0, R, ω).

by the Hankel function H
(2)
ν (kR). The terms for

η 6= 0 are potential aliasing contributions.
Equation (15) and (16) imply that the bandwidth of
D̊(ν, R, ω) in the angular frequency domain has to
be limited in order to avoid spatial aliasing in the
reproduced wave field. For an even number of an-
gular sampling positions this results in the following
anti-aliasing condition

D̊(ν, R, ω) =

{

D̊(ν, R, ω) for − N
2 + 1 ≤ ν ≤ N

2 ,

0 otherwise.

(17)
The anti-aliasing condition (17) poses limitations on
the spatial structure of the desired wave field. Typi-
cally no such limitation is performed in practical im-
plementations of reproduction systems. In the fol-
lowing the sampling artifacts for the reproduction
of arbitrary wave fields that do not fulfill the anti-
aliasing condition (17) are discussed.
The formulation of the reproduced wave field in
terms of angular frequencies given by Eq. (16) is
used to split the reproduced wave field PP,S(xP, ω)
into the wave field PP,S,0(xP, ω) without aliasing
contributions and into its aliasing contributions
PP,S,al(xP, ω). The wave field PP,S,0(xP, ω) would

have been reproduced by a continuous secondary
source distribution. It is given by Eq. (13) or by
the summation term with η = 0 in Eq. (16). The
aliasing contributions PP,S,al(xP, ω) reproduced by a
discretized secondary source distribution are derived
from the spectral repetitions present in Eq. (16) as

PP,S,al(xP, ω) = −j
π

2
R

∑

|η|≥1

∞∑

ν=−∞

×

× Jν(kr)H(2)
ν (kR) D̊S(ν + ηN, R, ω) ejνα . (18)

The split-up of the reproduced wave field is used
to calculate the energy of the aliasing contributions
with respect to the desired wave field. The repro-
duced aliasing-to-signal ratio RASR is defined as fol-
lows

RASR(xP, ω) =

∫ ω

0
|PP,S,al(xP, ω

′)|
2
dω′

∫ ω

0
|PP,S,0(xP, ω′)|2 dω′

. (19)

In general, the RASR will depend on the desired
wave field and the listener position. The RASR is
zero for alias-free reproduction. In the following,
the reproduction of a plane wave on a circular loud-
speaker is considered.
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4.2. Sampling artifacts for the reproduction of

plane waves

The driving function for the reproduction of a plane
wave is given according to Eq. (2) by considering
the window function a(x0) and calculating the di-
rectional gradient of the wave field of a plane wave.
The continuous driving function DP,pw(α0, R, ω) for
a plane wave is given as

DP,pw(α0, R, ω) =

= 2j
ω

c
a(α0) cos(α0 − αpw) e−j ω

c
R cos(α0−αpw) ,

(20)

where αpw denotes the incidence angle of the plane
wave. The window function a(α0) for the circular
array selects those secondary sources which are rele-
vant for the reproduction of a plane wave with inci-
dence angle αpw. For the geometry depicted in Fig. 5
the window function is given as

apw(α0) =

{

1 for π
2 ≤ α0 − αpw ≤ 3π

2 ,

0 otherwise.
(21)

Introducing Eq. (21) into Eq. (20) allows to cal-
culate the Fourier series expansions coefficients
D̊S,pw(ν, R, ω) of the sampled driving function for
the reproduction of a plane wave. These can then be
used to calculate the wave field reproduced by a dis-
crete secondary source distribution using Eq. (16).
The Jacobi-Anger expansion [22] states that a plane
wave exhibits an infinite bandwidth in the angular
frequency domain. As a result, no exact anti-aliasing
condition can be given for the reproduction of plane
waves on circular arrays. In the following results,
the Fourier series coefficients D̊S,pw(ν, R, ω) of the
sampled driving function for a plane wave were nu-
merically calculated and introduced into Eq. (16).

4.3. Application Example

The reproduction of a band-limited (sinc-shaped)
plane wave with an incidence angle of αpw = 3π

2
on a circular array was evaluated as application ex-
ample. The circular array consists of 48 secondary
line sources placed on a circle with a radius of R =
1.50 m. The aliasing artifacts depend on the band-
width of the desired plane wave. Figure 6(a) shows
a snapshot of the reproduced wave field PP,S(xP, ω)
for a bandwidth of 1 kHz. The desired plane wave as
well as the aliasing contributions can be clearly seen.

Figure 6(b) illustrates additionally the extracted
aliasing contributions PP,S,al(xP, ω) of Fig. 6(a). Fig-
ure 7 shows the RASR(xP, ω) for different maximum
frequencies. The presented results show that the
RASR is dependent on the listener position and the
bandwidth of the reproduced plane wave. Two con-
clusions can be drawn from Fig. 7: (1) the higher
the bandwidth of the plane wave is, the more energy
is contained in the aliasing contributions of the re-
produced field and (2) the farer the listener position
is from the active secondary sources, the lower is
the energy of the aliasing contributions. The latter
conclusion was also derived for the truncated linear
arrays discussed in Section 3.
The results shown in this section hold also for other
incidence angles of the reproduced plane wave due to
the symmetry of the circular secondary source con-
tour. This implies that the minimum value of the
RASR is reached in the center of the array for the
reproduction of arbitrary wave fields with contribu-
tions from all sides.

5. POINT SOURCES AS SECONDARY

SOURCES FOR SOUND REPRODUCTION

Typical implementations of two-dimensional sound
reproduction and WFS systems utilize point sources
(closed loudspeakers) instead of line sources as sec-
ondary sources. This section will briefly illustrate
that the derived anti-aliasing conditions apply also
to such reproduction systems. Without loss of gener-
ality this will be shown by the example of the linear
secondary source distribution discussed in Section 3.
Figure 3 illustrates the real part of the spectrum for
the reproduction of a monochromatic plane wave us-
ing a discrete distribution of line sources. In this
case the Dirac lines represent the sampled driv-
ing function and the circular Dirac function the
real part of the spectrum of a line source. The
wave field produced by a point source is given
by the three-dimensional free-field Green’s function
G3D(x|x0, ω). The wave field P̃C,S,pw,3D(k, ω) repro-
duced by a spatially discrete linear distribution of
secondary point sources is given by exchanging the
two-dimensional Green’s function G̃2D(k, ω) with its
three-dimensional counterpart G̃3D(k, ω) and intro-
ducing the driving function for the reproduction of
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(a) reproduced wave field PP,S(xP, ω)

(b) aliasing contributions PP,S,al(xP, ω)

Fig. 6: Reproduction of a band-limited plane wave with αpw = 3π
2 on a array with N = 48 secondary

sources and a radius of R = 1.50 m. The plane wave has a bandwidth of 1 kHz. The upper plot shows the
reproduced wave field, the lower one its aliasing contributions.
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(a) f = 500 Hz (b) f = 650 Hz

(c) f = 800 Hz (d) f = 1000 Hz

Fig. 7: RASR(xP, ω) for a circular array with N = 48 secondary sources and a radius of R = 1.50 m when
reproducing a band-limited Dirac shaped plane wave. The gray levels denote the level in [dB].
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a plane wave into Eq. (8)

P̃C,S,pw,3D(k, ω) =
ω

2πc
sin αpw ×

∞∑

η=−∞

δ(kx−
2π

∆x
η−

ω

c
cosαpw)

1
√

(ω
c
)2 − k2

x − k2
y

︸ ︷︷ ︸

QC(kC,ω)

.

(22)

where QC(kC, ω) abbreviates the contribution emerg-
ing from the spectrum of a secondary point source.
The singular value of QC(kC, ω) is located on a cir-
cle with radius ω

c
in the spatial frequency domain as

illustrated in Fig. 3. Inside of this circle QC(kC, ω)
is real and outside imaginary valued. Applying the
sifting property of the Dirac line to this term yields
that the reproduced spectrum is given by evaluating
QC(kC, ω) at kx = 2π

∆x
η + ω

c
cosαpw. The propagat-

ing (non-evanescent) part of the reproduced wave
field is then given by the resulting spectral contri-
butions inside the circle depicted in Fig. 3. Hence,
the anti-aliasing condition (10) derived for the re-
production of monochromatic plane waves by line
sources as secondary sources applies also to the re-
production using point sources. The presented the-
ory holds therefore also for WFS based reproduc-
tion systems. For the evanescent part condition (10)
holds only approximately as for line sources as sec-
ondary sources. However, their significant contribu-
tions are restricted to the near-field of the secondary
sources.

6. CONCLUSIONS

This paper presented a detailed analysis of the sam-
pling artifacts produced by linear and circular loud-
speaker arrays. This analysis was performed by de-
riving analytic expressions of the wave field repro-
duced by a spatially discrete secondary source dis-
tribution. This description in the spatial frequency
domain allowed to isolate the spatial aliasing arti-
facts from the desired wave field. The main results of
this analysis are: (1) on linear arrays spatial aliasing
exhibits the form of tilted plane waves for the repro-
duction of monochromatic plane waves, (2) on trun-
cated linear arrays the audibility of these tilted plane
wave constituting aliasing depends on the listener
position and (3) the reproduction of a plane wave on
a circular array will always exhibit aliasing without

limitation of the angular bandwidth of the desired
plane wave. The latter conclusion implies that every
spatially discrete circular secondary source distribu-
tion will produce aliasing artifacts without modifi-
cation of the virtual source wave field.
Spatial aliasing artifacts can be avoided for linear
arrays by a limitation of the temporal bandwidth
and/or the incidence angle of the reproduced plane
wave. For circular arrays aliasing can be avoided by
limiting the angular bandwidth of the virtual source
wave field.
The presented analysis may be of use to describe
the psychoacoustic effects that lead to a limited per-
ception of spatial aliasing artifacts on the one side,
and on the other side to quantify the limits of ac-
tive control applications like active listening room
compensation.
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