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ABSTRACT

Higher order Ambisonics (HOA) is an approach to the physical (re-)synthesis of a given wave field. It is
based on the orthogonal expansion of the involved wave fields formulated for interior problems. This implies
that HOA is per se only capable of recreating the wave field generated by events outside the listening area.
When a virtual source is put inside the loudspeaker array, strong artifacts arise in certain listening positions.
These artifacts can be significantly reduced when a wave field with a focus point is reproduced instead of
a virtual source. However, the reproduced wave field only coincides with the desired one in one half-space
defined by the location and nominal orientation of the focus point. The wave field in the other half-space
converges towards the focus point.

1. INTRODUCTION

Higher order Ambisonics (HOA) is a sound repro-
duction technique that employs a large number of
loudspeakers to physically recreate a wave field in
a specific listening area. Since the so-called near-
field correction has been introduced in [1], accurate
versatile reproduction is possible. The desired wave
field is typically described via its spatial harmonics
expansion coefficients [1, 2]. These can be yielded ei-
ther from appropriate microphone array recordings
[3] (data-based reproduction) or virtual sound scenes
may be composed of virtual sound sources whose

spatial harmonics expansion coefficients are derived
from analytical source models (model-based repro-
duction). In this paper, we will concentrate on the
latter case.
Besides plane waves, the virtual sound sources are
traditionally modeled as point sources and are typ-
ically located outside the listening area. Although
approaches for the reproduction of complex sources
have been presented recently [?, 4], we will focus
on the investigation of virtual point sources for sim-
plicity. The extension of the presented approach to
complex sources is straightforward and its peculiari-
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ties have been published in the context of wave field
synthesis [5].
As discussed in the literature [1], the conventional
Ambisonics formulation leads to strong artifacts for
virtual sources inside the loudspeaker array. Only in
a small area determined by the virtual source’s lo-
cation, the wave fields emitted by the loudspeakers
interfere such that the desired wave field emerges.
In the context of wave field synthesis (WFS), an al-
ternative spatial reproduction approach which is per
se also only capable of reproducing virtual sound
sources outside the listening area, the time-reversal
principle has been exploited to work around this lim-
itation [6]. To create a virtual source in front of a
loudspeaker array, one proceeds as follows: First, a
virtual source is created at the intended position but
its radiated wave field is recreated outside the loud-
speaker array. Then, the filters deriving the loud-
speaker driving signals from the source input signal
are time reversed, i.e. delays become anticipations.
This results in a wave field that converges towards
the location of the virtual source and then diverges
and makes up the desired wave field. One of the ma-
jor limitations of this approach constitutes the fact
that the virtual source has to be located between the
listener and the loudspeakers. Otherwise the wave
fields travel into the wrong direction.
This principle can not be straightforwardly adopted
to HOA since contrary to WFS, the listening area
is always surrounded by loudspeakers. These loud-
speakers all contribute to a given virtual wave field.
If the time of the driving functions is reversed, in
any location inside the listening area there will be
both, a diverging part of the wave field (the desired
part) and a converging (unwanted) part. To over-
come this problem, we propose not to reproduce a
virtual source inside the listening area (typically re-
ferred to as focused source) but rather a wave field
exhibiting a focus point. In one half-space whose
boundary includes the position of the focus point,
the wave field converges towards the focus point.
In the other half-space (the target half-space) the
wave field diverges and therefore gives the listener
the impression of a virtual sound source situated in-
side the listening area at the position of the focus
point. Note that the boundary between the two half-
spaces can be freely rotated around the focus point
in the presented approach. The extension of the tra-
ditional time-reversal focusing approach in WFS to

the reproduction of a wave field which is divided in
one converging and one diverging half-space can be
found in [5]. Note that a converging wave field is
essentially a time-reversed diverging one.
The typical Ambisonics approach is based on the
assumption of a finite number of discrete loudspeak-
ers whose emitted wave fields superpose to an ap-
proximation of the desired one. Typically, numeri-
cal algorithms are employed to find the appropriate
loudspeaker driving signals. In order to allow for an
analytical treatment of the subject, we will model a
continuous secondary source distribution as recently
presented by the authors [7]. The theoretical basis
of the presented formulation is the so-called simple
source approach [8] which has gained only little at-
tention in conjunction with spatial audio reproduc-
tion.

1.1. Nomenclature

In the remainder of this paper, we will assume that
the near-field correction is included in the Ambison-
ics approach as described in section 2. Thus, when
we speak of Ambisonics we implicitly mean near-field
corrected higher order Ambisonics (NFC-HOA).
The following conventions are used: For scalar vari-
ables, lower case denotes the time domain, upper
case the temporal frequency domain. Vectors are
denoted by lower case boldface. The descriptions
in this paper are restricted to two-dimensional re-
production which means in this context that an ob-
served sound field is independent from one of the
spatial coordinates, i.e. P (x, y, z, ω) = P (x, y, ω).
Confer also to section 2.2.
The two-dimensional position vector in Cartesian co-
ordinates is given as x = [x y]T . The Cartesian
coordinates are linked to the polar coordinates via
x = r cos α and y = r sin α. Confer to figure 1.
The acoustic wavenumber is denoted by k. It is re-

lated to the temporal frequency by k2 =
(

ω
c

)2
with ω

being the radial frequency and c the speed of sound.
Outgoing monochromatic plane and cylindrical

waves are denoted by e−j ω

c
r(cos θpw−α) and H

(2)
0 (ω

c
r)

respectively, with θpw being the propagation direc-
tion of the plane wave.

1.2. Mathematical Preliminaries

The cylindrical harmonics expansion of a two-
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Fig. 1: The coordinate system used in this paper.
The dashed line indicates the secondary source dis-
tribution.

dimensional wave field reads

F (x, ω) =
∞∑

ν=−∞

F̊ν(r, ω)ejνα . (1)

For propagating wave fields the Fourier series expan-
sion coefficients F̊ν(r, ω) can be expressed as

F̊ν(r, ω) = F̆ν(ω)Jν

(ω

c
r
)

, (2)

for entirely diverging wave fields (e.g. a sound source
situated in the origin of the coordinate system) they
read [8]

F̊ν(r, ω) = F̂ν(ω)H(2)
ν

(ω

c
r
)

. (3)

Jν(·) denotes the ν-th order Bessel function, H
(2)
ν (·)

the ν-th order Hankel function of second kind. Note
that the validity of (2) and (3) is generally restricted
[8].

2. THE AMBISONICS APPROACH

2.1. General Outline

In the basic three-dimensional Ambisonics approach,
the loudspeakers of the respective reproduction sys-
tem are located on a sphere around the listening
area. Both the desired wave field as well as the sound
fields emitted by the loudspeakers are expanded into
series of orthogonal basis functions [9, 2]. More re-
cent Ambisonics approaches are typically referred

to as higher order Ambisonics. However, the term
higher order is rather a historical rudiment. It sim-
ply emphasizes the fact that the expansions are not
restricted to low (e.g. 0 or 1) expansion orders. The
main motivation for concentrating on low orders is
the fact that sound field recording techniques are
limited to very low orders.
In this paper, we describe a general theoretical
framework whose basic formulation does not take
practical limitations a priori into account. We there-
fore waive the attribute higher order and implicitly
speak of what is termed higher order Ambisonics,
whenever we use the term Ambisonics.
The expansion of the involved wave fields into spa-
tial basis functions allows for a mode matching pro-
cedure which leads to an equation system that is
solved for the optimal loudspeaker driving signals.
These drive the loudspeakers such that their super-
posed wave fields best approximate the desired one
in a given sense:

P (x, ω) =

N−1∑

n=0

D(xn, r0, ω) · G(x − xn, ω) , (4)

where P (x, ω) denotes the desired wave field,
D(xn, r0, ω) the driving signal of the loudspeaker lo-
cated at the position xn on the sphere, and G(x −
xn, ω) its spatio-temporal transfer function. Typi-
cally, numerical algorithms are employed to find the
appropriate loudspeaker driving signals. These algo-
rithms tend to be computationally costly and only
little insight into the properties of the actual repro-
duced wave-field is gained.
The Ambisonics approach is usually divided into an
encoding and a decoding stage to allow for storing
and transmission of content independently from the
loudspeaker setup. For ease of illustration we will
skip the encoding/decoding procedure and directly
derive the loudspeaker driving signals from the ini-
tial virtual wave field description. The extension of
the present approach to the spatial encoding and
decoding of wave fields is straightforward.

2.2. Two-Dimensional Continuous Formulation

As stated in section 1.1, we limit our derivations to
two-dimensional reproduction for convenience. In
order to fulfill the requirements of the simple source
approach and therefore for artifact-free reproduc-
tion, we have to assume a continuous circular dis-
tribution of secondary line sources positioned per-
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pendicular to the target plane (the listening plane)
[8]. Our approach is therefore not directly imple-
mentable since loudspeakers exhibiting the proper-
ties of line sources are commonly not available. Real-
world implementation usually employ loudspeakers
with closed cabinets as secondary sources. The
properties of these loudspeakers are more accurately
modeled by point sources.
The main motivation to focus on two dimensions is
to keep the mathematics as simple as possible in or-
der to illustrate the general principle of the presented
approach. The extension both to three-dimensional
reproduction (i.e. spherical arrays of secondary point
sources) and to two-dimensional reproduction em-
ploying circular arrangements of secondary point
sources is straightforward and can be found in [7].
The formulation of the Ambisonics reproduction
equation (4) considering the above mentioned as-
sumptions reads

P (x, ω) =

2π∫

0

D(α0, ω)G2D(x − x0, ω) r0 dα0 (5)

x0 = r0 · [cos α0 sin α0]
T . The two-dimensional

Green’s function G2D(x) is then the zeroth order

Hankel function of second kind H
(2)
0

(
ω
c
r
)

[8].
Equation (5) constitutes a circular convolution and
therefore the convolution theorem

P̊ν(r, ω) = 2πr0D̊ν(ω)G̊ν(r, ω) (6)

applies [10]. Thus,

D̊ν(ω) =
1

2πr0

P̊ν(r, ω)

G̊ν(r, ω)
. (7)

Introducing the explicit formulation for the Fourier
series expansion coefficients (see (2)), we find that
the radius r appears both in the numerator as well
as in the denominator in the factor Jν

(
ω
c
r
)

which

cancels out for all r where Jν

(
ω
c
r
)
6= 0. Wherever

Jν

(
ω
c
r
)

= 0, de l’Hôspital’s rule [11] can be applied

to proof that Jν

(
ω
c
r
)

and thus r also cancel out in
these cases.
Combining (7) and (1) finally yields the driving func-
tion D(α0, ω) for a secondary source situated at po-
sition x0 = r0 ·[cos α0 sinα0]

T reproducing a desired
wave field with expansion coefficients P̆ν(ω) reading

D(α, ω) =
1

2πr0

∞∑

ν=−∞

P̆ν(ω)

Ğν(ω)
ejνα , (8)

whereby we omitted the index 0 for convenience.
Note that D(α, ω) is independent from the receiver
position.
The coefficients G̊ν(r, ω) respectively Ğν(ω) describe
the spatial transfer function of the employed sec-
ondary sources. These need not necessarily modeled
as line sources. In principle, any two-dimensional
secondary source transfer function that does not
exhibit zeros can be handled in the presented ap-
proach. However, the directivity characteristics have
to be equal for all loudspeakers. However, we assume
line sources for convenience.
Note that the coefficients G̊ν(r, ω) respectively
Ğν(ω) as used throughout this paper assume that
the secondary source is situated at the position
(r = r0, α = 0) and is orientated towards the co-
ordinate origin.
Equation (8) can be verified by inserting it into (5).
After introducing the Fourier series expansion of the
secondary source wave fields according to (2), ex-
changing the order of integration and summation,
and exploitation of the orthogonality of the circular
harmonics ejνα [8] one arrives at the Fourier series
expansion of the desired wave field, thus proving per-
fect reproduction. Note however that the coefficients
P̆ν(ω) respectively Ğν(ω) are typically derived from
interior expansions. This implies that (8) is gener-
ally only valid inside the secondary source distribu-
tion.

2.3. Conventional Reproduction of Virtual Sound

Sources

In this section, we briefly outline the properties of
the conventional approach of reproducing virtual
sound sources. Exemplarily, we assume the virtual
source as well as the secondary sources to be line
sources.
The wave field S(x − xs, ω) of such a line source
situated at position xs reads

S(x − xs, ω) = H
(2)
0

(ω

c
|x − xs|

)

=

=

∞∑

ν=−∞

Jν

(ω

c
r
)

H(2)
ν

(ω

c
rs

)

e−jναs

︸ ︷︷ ︸

S̆ν(ω)

ejνα . (9)

Introducing (9) for the wave fields of the secondary
sources as well as for the wave field of the vir-
tual source into (8) yields the driving function
Dconv(α, ω) for a continuous circular distribution
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of secondary line source reproducing a virtual line
source at position xs. Explicitly,

Dconv(α, ω) =
1

2πr0

∞∑

ν=−∞

H
(2)
ν (ω

c
rs)

H
(2)
ν (ω

c
r0)

ejν(α−αs) .

(10)
As long as rs > r0, thus as long as the virtual line
source is located outside the listening area, the line
source’s wave field can be perfectly reproduced in-
side the listening area. However, as soon as rs < r0,
the reproduced wave field only coincides with the
desired one inside the disc with radius rs. Outside
this disc strong artifacts arise, most notably a strong
boost of bass frequencies [1]. Thus, the closer the
virtual source is to the coordinate origin, the smaller
is the disc on which the desired wave field is repro-
duced. Confer to figure 2.
In the following sections, we derive a strategy to
overcome some of the above mentioned limitations
that the reproduction of virtual sound sources posi-
tioned inside the listening area implies.
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Fig. 2: Wave field generated by a circular setup
of 56 secondary line sources with a radius of r0 =
1.5 m reproducing a virtual line source at position
(rs = 0.75 m, αs = − 3π

4 ). The emitted frequency is
f = 1000 Hz. The values of the sound pressure are
clipped as indicated by the colorbars. The marks
indicate the positions of the secondary sources.

2.4. Wave Field Exhibiting a Focus Point

For convenience, we seek to imitate the wave field of
a focused line source. The wave field of a line source

situated at the origin of the coordinate system reads

S(x, ω) = H
(2)
0

(ω

c
r
)

. (11)

The spatial spectrum S̃(k, ω) of S(x, ω) can be ob-
tained via a Fourier transform yielding [12]

S̃(k, ω) =
j

(k)2 −
(

ω
c

)2 +
1

k
δ
(

k −
ω

c

)

, (12)

whereby δ(·) denotes the Dirac delta function [10].
The first addend in (12) describes the evanescent
part of S(x, ω), the second added the propagating
part [?]. We will ignore the evanescent part in the
remainder of this paper since it is impossible anyway
to reproduce evanescent wave fields in an arbitrary
position in space (IS IT POSSIBLE AT ALL?).
An inverse Fourier transform of (12) would yield the
temporal spectrum Sprop(x, ω) of the propagating
part of S(x, ω). However, due to the causality re-
strictions mentioned in section 1, Sprop(x, ω) can
only be reproduced in one half-space. We there-
fore perform the inverse Fourier transform exclu-
sively over the half-space where we want to repro-
duce Sprop(x, ω). We refer to this half-space as tar-
get half-space. For convenience, we choose the half-
space bounded by the y-axis and including the posi-
tive x-axis as target half-space. The inverse Fourier
transform of the propagating part of (12) over the
target-half space reads then

P (x, ω) =
1

4π2

∞∫

0

π

2∫

−
π

2

δ
(
k − ω

c

)

k
e−jkr cos(θ−α) dθdk .

(13)
Exploiting the sifting property of the Dirac delta
function [10], the double-integral in (14) can be sim-
plified to an integral from −π

2 to π
2 along a semicircle

of radius ω
c

reading

P (x, ω) =
1

4π2

π

2∫

−
π

2

e−j ω

c
r cos(θ−α) dθ . (14)

Introducing the Jacobi-Anger expansion [13]

e−j ω

c
r cos(θ−α) =

∞∑

η=−∞

j−ηJη

(ω

c
r
)

ejη(α−θ) , (15)
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into (14) yields a the temporal spectrum of a wave
field exhibiting a focus point at the origin of the
coordinate system reading

P (x, ω) =
1

4π2

π

2∫

−
π

2

∞∑

η=−∞

j−ηJη

(ω

c
r
)

ejη(α−θ) dθ =

=

∞∑

η=−∞

j−η

4π
sinc

(η

2

)

Jη

(ω

c
r
)

︸ ︷︷ ︸

=P̊η(r,ω)

ejηα , (16)

whereby sinc(x) = sin(πx)
πx

[10].
In (16) the focus point of the wave field is situated at
coordinate origin and the half-space where S(x, ω)
diverges (i.e. the target half-space) is bounded by
the y-axis and includes the positive x-axis.
In order to rotate the target half-space around the
focus point, we introduce the nominal orientation αn

of the focus point (confer to figure 3) into (16) as

P (x, ω) =

∞∑

η=−∞

j−η

4π
sinc

(η

2

)

Jη

(ω

c
r
)

ejη(α−αn) .

(17)
αn denotes the direction of the normal on the half-
space boundary pointing into the target half-space.
Equation (17) reformulated for arbitrary positions
xfoc of the focus point reads

P (x, ω) =

∞∑

η=−∞

j−η

4π
sinc

(η

2

)

Jη

(ω

c
r′(x)

)

×

× ejη(α′(x)−αn) , (18)

whereby the prime indicates that the respective
quantity belongs to the local coordinate system with
origin at xfoc whose axes are parallel to the those of
the global coordinate system (confer to figure 3).
However, in order to yield the coefficients P̆η(ω)
(equation (2)) which the driving function (8) incor-
porates, we have to expand (18) around the origin
of global coordinate system. We therefore introduce
the addition theorem for cylinder harmonics [14]

Jη

(ω

c
r′

)

ejηα′

=

=

∞∑

ν=−∞

Jν

(ω

c
r
)

Jν−η

(ω

c
rfoc

)

×

× e−j(ν−η)αfocejνα (19)

α

αfoc

α′

αn

x

n

xfoc

x

y

y′

x′

r′

rfoc

r

Fig. 3: Definition of the local coordinate system and
the nominal orientation of the focus point situated
at position xfoc. The normal vector n points into
the target half-space which is indicated by the grey-
shaded area and bounded by the dashed line.

into (18) finally yielding

P (x, ω) =
∞∑

ν=−∞

∞∑

η=−∞

j−η

4π
sinc

(η

2

)

e−jηαn×

× Jν

(ω

c
r
)

Jν−η

(ω

c
rfoc

)

e−j(ν−η)αfocejνα . (20)

for the wave field P (x, ω) focused at the point xfoc =
rfoc ·[cos αfoc sin αfoc]

T and with nominal orientation
αn.
The wave field described by equation (20) is illus-
trated in figure 4. It depicts a wave field with a focus
point in the coordinate origin and nominal orienta-
tion αn = π

2 . The wave field converges in the half-
space including the negative y-axis and diverges in
the half-space including the positive y-axis (the tar-
get half-space).
Note that the expansion orders of P (x, ω) are lim-
ited to the interval [−20; 20]. However, even a radi-
cal extension of the angular bandwidth does not sig-
nificantly reduce the distortions in the wave fronts.
We assume that these distortions are artifacts due to
the limitation of the aperture introduced in equation
(14). Note that the choice of the integral boundaries
as well as windowing of the coefficients S̄(θ, ω) of the
plane wave decomposition provides potential to re-
duce artifacts.
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Fig. 4: Wave field P (x, ω) exhibiting a focus point
at the coordinate origin. The nominal orientation
of the focus point is αn = π

2 . The expansion orders
are limited to the interval [−20; 20]. The dashed line
indicates the boundary of the target half-space. The
arrows indicate the local propagation direction. The
emitted frequency is f = 1000 Hz.

Note also that although not apparent in figure 4,
there is no phase discontinuity in the focus point as
opposed to focus points generated in WFS by apply-
ing the pure time-reversal approach (confer to sec-
tion 1).

2.5. Imitating Virtual Complex Sources

As discussed in section 2.4, it is only possible
to reproduce the propagating part of the desired
wave field. Thus, in order to reproduce a focused
wave field imitating a virtual complex source (i.e. a
directional or spatially extended one, confer also
to[4, 15]), the procedure outlined in section 2.4 can
be straightforwardly applied. The far-field radiation
characteristics of the virtual source are considered
by its plane wave expansion coefficients (equation
(??)) and the appropriate evaluation of the integral
in (??) respectively (16) leads to the desired formu-
lation of the corresponding focused wave field.

3. RESULTS

From equation (20) we can extract the expansion
coefficients P̆ν(ω) (confer to (2)) of the focused wave

field reading

P̆ν(ω) =

∞∑

η=−∞

j−η

4π
sinc

(η

2

)

e−jηαn×

Jν−η

(ω

c
rfoc

)

e−j(ν−η)αfoc . (21)

In order to reproduce a wave field given by (20) with
a circular distribution of loudspeakers, the coeffi-
cients P̆ν(ω) have to be incorporated into the driving
function equation (8). When the secondary source
array is assumed to be a continuous distribution of
secondary line sources perpendicular to the listening
plane, the desired wave field is perfectly recreated
inside the listening plane as derived in section 2.2.
The detailed analysis of the properties of the wave
field reproduced by a setup of discrete loudspeakers
is beyond the scope of this paper.
To get a first impression of the properties of the pre-
sented approach, we provide numerical simulations
in figure 5. Figure 5 depicts wave fields generated
by a circular setup of 56 secondary line sources with
a radius of r0 = 1.5 m reproducing a focus point at
position (rfoc = 0.75 m, αfoc = − 3π

4 ) with different
nominal orientations αn. The emitted frequency is
f = 1000 Hz.
As noted in section 2.4, the distortions of the wave
fronts apparent in figure 5 might not be avoidable
due to a limitation of the aperture. Figure 5 il-
lustrates the freedom that the arbitrary choice of
the nominal orientation αn of the focus point en-
ables. Knowledge of the listeners’ positions can be
exploited to orientate the focus point such that the
target half-space covers as many listeners as possi-
ble.

4. CONCLUSIONS

A basic framework for the reproduction of virtual
sound sources inside the listening area in higher or-
der Ambisonics was presented. Actually, the ap-
proach does not intend to reproduce a virtual source
but a wave field exhibiting a focus point at the posi-
tion of the intended virtual source. In one half-space
determined by position of the focus point, the repro-
duced wave field converges towards the focus point.
In the other half-space, the target half-space, the
wave field diverges and gives the listener the percep-
tion of a virtual source at the position of the focus
point. This strategy avoids certain limitations of the
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(b) αn = π

2

Fig. 5: Wave field generated by a circular setup of 56 secondary line sources with a radius of r0 = 1.5 m
reproducing a focus point at position (rfoc = 0.75 m, αfoc = − 3π

4 ) with different nominal orientations αn.
The emitted frequency is f = 1000 Hz. The arrows indicate the local propagation direction of the wave
field. The dashed line indicates the boundary of the target half-space. The values of the sound pressure are
clipped as indicated by the colorbars. The marks indicate the positions of the secondary sources.

conventional straightforward approach as discussed.
The target half-space may be freely rotated around
the focus point. This fact enables the optimization
of the reproduction for given listener positions. We
presented numerical simulations of reproduced wave
fields to illustrate the general properties of the pro-
posed approach. However, a thorough analytical in-
vestigation was beyond the scope of the paper.
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