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ABSTRACT
Wave field synthesis (WFS) and higher-order Ambisonics (HOA) are two high-resolution spatial sound reproduction techniques aiming at overcoming some of the limitations of stereophonic reproduction techniques.
In the past, the theoretical foundations of WFS and HOA have been formulated in a quite different fashion.
Although, some work has been published that aims at comparing both approaches their similarities and
differences are not well documented. This paper formulates the theory of both approaches in a common
framework, highlights the different assumptions made to derive the driving functions and the resulting physical properties of the reproduced wave field. Special attention will be drawn to the consequences of spatial
sampling since both approaches differ significantly here.

1. INTRODUCTION
Loudspeaker based sound reproduction systems with
a high number of reproduction channels are increasingly being proposed and implemented. Typically,
the aim of increasing the number of channels, compared e. g. to the nowadays widely used five channels,
is to provide high-resolution spatial audio for a potentially large audience. While some of the proposed
systems are more or less extensions of stereophonic
techniques, others are based on the concept of phys-

ically recreating a sound field. Two established approaches of the latter category are wave field synthesis (WFS) and Ambisonics. WFS has initially been
proposed by [1] and since then quite a number of
systems with some tens to hundreds of reproduction
channels have been realized. The term Ambisonics
is associated with a variety of approaches. Traditional Ambisonics [2] uses four loudspeakers driven
by amplitude panning. It is therefore more an alternative approach to five-channel surround than
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a high-resolution replacement. However, the traditional Ambisonics has been extended in various
ways. Higher-order Ambisonics (HOA) [3, 4] can
use an arbitrary number of reproduction channels
and potentially provides a high spatial resolution.
The aim of this paper is to compare the properties
of WFS and HOA. The theoretical foundations of
WFS and HOA look quite different in their original
formulations. While WFS is based on the KirchhoffHelmholtz integral, HOA is typically derived on basis of the mode matching approach. A straightforward comparison of the physical properties is therefore difficult. Some work has been published in the
past that compares both approaches [5, 6, 7]. These
comparisons are based on a spatially continuous formulation of WFS and a spatially discrete formulation of HOA. As a consequence, the influence of spatial sampling could not be formulated analytically
and was investigated only by numerical simulations
of the reproduced wave field. This paper formulates
both approaches in a continuous domain and performs the spatial sampling at a later stage. For this
purpose, a common theoretical framework is introduced fostering the comparison of both approaches
in more detail as compared to the previous publications.
We begin the paper with a general formulation of the
underlying physical problem of sound reproduction
in Section 2. Then this theory is applied in order to
briefly review the concepts of WFS and HOA in Section 3. A unified formulation of both approaches is
furthermore provided ibidem. At the current stage,
HOA is limited to circular/spherical loudspeaker arrangements. Therefore, explicit formulations for the
reproduced wave fields, the driving functions and
spatial sampling are derived in Section 4 for circular
WFS and HOA systems. The theory developed so
far, lays then the fundament for a detailed comparison of both approaches in Section 5.
2. BASIC THEORY
This section introduces the basic theory of sound
field reproduction. This serves as basis for the
derivation of WFS and HOA given in the next section.
2.1. The Kirchhoff-Helmholtz Integral
A loudspeaker system surrounding the listener can
be regarded as an inhomogeneous boundary condition. The solution of the homogeneous wave equa-
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Fig. 1: Illustration of the geometry used for the
Kirchhoff-Helmholtz integral (1).
tion for a bounded region V with respect to inhomogeneous boundary conditions is given by the
Kirchhoff-Helmholtz integral [8]
P (x, ω) = −


∂
P (x0 , ω) −
G(x|x0 , ω)
∂n
∂V

∂
P (x0 , ω)
G(x|x0 , ω) dS0 , (1)
∂n

I

where P (x, ω) denotes the pressure field inside a
bounded region V enclosed by the boundary ∂V
(x ∈ V ), G(x|x0 , ω) a suitably chosen Green’s function, P (x0 , ω) the acoustic pressure at the boundary
∂V (x0 ∈ ∂V ) and n the inward pointing normal
∂
vector of ∂V . The abbreviation ∂n
denotes the directional gradient in direction of the normal vector
n. The wave field P (x, ω) outside of V is zero and
V is assumed to be source-free. Figure 1 illustrates
the geometry. For sound reproduction typically freefield propagation within V is assumed. This implies
that V is free of any objects and that the boundary ∂V does not restrict propagation. The Green’s
function is then given as the free-field solution of the
wave equation and is referred to as free-field Green’s
function G0 (x|x0 , ω). The free-field Green’s function
can be interpreted as the spatio-temporal transfer
function of a monopole placed at the point x0 and
its directional gradient as the spatio-temporal transfer function of a dipole at the point x0 , whose main
axis points towards n.
Equation (1) states that if the Green’s function is re-
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alized by a continuous distribution of appropriately
driven monopole and dipole sources which are placed
on the boundary ∂V , the wave field within V is fully
determined by these sources. This principle can be
used for sound reproduction as will be illustrated
in the following. In this context the monopole and
dipole sources on the boundary are referred to as
(monopole/dipole) secondary sources.
The Kirchhoff-Helmholtz integral implies, that authentic sound field reproduction can be realized if
a distribution of secondary monopole and dipole
sources on the boundary ∂V of the listening area V is
driven by the directional gradient and the pressure
of the wave field of the virtual source S(x, ω), respectively. The Kirchhoff-Helmholtz integral and its
interpretation given above lay the theoretical foundation for a variety of massive multichannel sound
reproduction systems.
It is desirable for a practical implementation to discard one of the two types of secondary sources.
Monopole sources can be realized reasonably well
by loudspeakers with closed cabinets. At least two
different classes of approaches can be identified to
remove the dipole contributions in the KirchhoffHelmholtz integral. These are discussed in the following two subsections.
2.2. Neumann Green’s Function
The second term in the Kirchhoff-Helmholtz integral (1), representing the dipole secondary sources,
can be eliminated by changing the Green’s function
used in the Kirchhoff-Helmholtz integral [8]. Depending on the situation, this may also imply that
other sources than monopoles have to be used as secondary sources.
The basic concept is to use a Neumann Green’s
function in order to eliminate the dipole secondary
sources. A Neumann Green’s function has to obey
the following condition
∂
GN (x|x0 , ω)
∂n

x0 ∈∂V

=0.

(2)

Introducing the definition of the Neumann Green’s
function (2) into the Kirchhoff-Helmholtz integral (1) yields the reproduced wave field as
P (x, ω) = −

I

∂V

∂
S(x0 , ω) GN (x|x0 , ω) dS0 .
∂n
(3)

The explicit form of the Neumann Green’s function
depends on the geometry of the boundary ∂V . A
closed form solution can only be found for rather
simple geometries like spheres and planar boundaries [9]. The boundary ∂V is implicitly modeled
as an acoustically rigid surface for the secondary
sources. This is a consequence of the condition given
by Eq. (2).
Equation (3) states, that if the Neumann Green’s
function can be realized by an physically existing
secondary source, then the driving signal is simply given by the directional gradient of the virtual
source. Depending on the explicit form of the Neumann Green’s function such secondary sources may
be impossible to realize in practice.
2.3. Monopole Only Formulation
There are various approaches to derive a monopole
only formulation of the Kirchhoff-Helmholtz integral. A direct approach would be to assume
monopole only reproduction and to evaluate the
properties of the solution. Another approach, which
is often considered, is the simple source approach [8,
10]. The simple source approach is derived by constructing an exterior and separately an interior problem with respect to the same boundary ∂V and linking both problems by requiring that the pressure is
continuous and the directional gradient is discontinuous at the boundary ∂V .
To the knowledge of the authors, both approaches
seem to produce similar results. They result in a
monopole only formulation of sound reproduction
I
P (x, ω) =
D(x0 , ω) G0 (x|x0 , ω) dS0 .
(4)
∂V

Equation (4) states that a distribution of monopole
sources on ∂V driven by D(x0 , ω) determines the
wave field P (x, ω) within and outside of V . Note,
that contrary to the Kirchhoff-Helmholtz formulation the wave field outside of V will not be zero
in this case. Problems arise at the eigenfrequencies of the interior homogeneous Dirichlet problem [10]. The wave field within V cannot be controlled at these frequencies and is consequently not
determined uniquely. This problem is refereed to as
non-uniqueness in the following.
The Green’s function in Eq. (4) characterizes the
field of the secondary sources, the remaining terms
their strength. The strength will be termed as

AES 125th Convention, San Francisco, CA, USA, 2008 October 2–5
Page 3 of 17

S.Spors AND J.Ahrens

secondary source driving function in the following.
An appropriate secondary source driving function
D(x0 , ω) for a desired virtual wave field can be derived by explicitly solving the integral equation (4)
or by applying the simple source approach.
An explicit solution of (4) can be found by applying
results from functional analysis, for instance, decomposition of the respective wave fields with respect to
orthogonal basis functions. Note, that the underlying problem might be ill-posed.
The simple source approach states that the driving
function is given as the difference of the directional
gradients when approaching the boundary ∂V from
the outside and the inside. Hence, the driving function can be derived by constructing an exterior field
that satisfies the required boundary conditions. An
appropriate exterior field can be derived by considering the equivalent acoustic scattering problem [11].
Common to all these approaches is, that an explicit
formulation of the driving function is only possible
by considering special geometries for the secondary
source contour ∂V .
In higher-order Ambisonics [3], and other reproduction techniques [12, 13, 14, 15] which are inherently
based on the simple source approach, Eq. (4) is explicitly solved with respect to D(x0 , ω). For the
geometries considered in HOA this is typically performed by expanding the respective wave fields using
spherical harmonics or Fourier series.
The monopole only formulation, as presented above,
corrects for the missing dipole sources by modifying the driving function. The Neumann Green’s
function method, as presented in Section 2.2, applies a modified Green’s function in order to remove
the dipole secondary sources and requires no modification of the driving function. At least in some
cases, both methods can be linked directly to each
other. For instance, if the Neumann Green’s function can be expressed as a multiplication of terms describing a monopole source and other terms. These
other terms can then be aggregated to the driving
function of the Neumann case. For a spherical secondary source contour this procedure is straightforward when considering e. g. the Rayleigh-like integrals [8].
3. WAVE FIELD SYNTHESIS AND HIGHERORDER AMBISONICS
The two concepts to eliminate the dipole secondary
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sources, introduced in the previous section, are now
applied to derive WFS and HOA.
3.1. Wave Field Synthesis
The theory of WFS is based on eliminating the
dipole secondary sources by using an appropriate
Neumann Green’s function. It was already outlined in Section 2.2, that the physical realization of
a Neumann Green’s function by secondary sources
might be impossible for complex secondary source
contours ∂V . For a linear/planar secondary source
contour the Neumann Green’s function takes a form
which can be realized straighforwardly by secondary
monopole sources. WFS is explicitly based on
the Neumann Green’s function for a linear/planar
boundary. Some extensions to the basic theory are
applied, in order to cover curved secondary source
contours. The following section outlines the derivation of WFS. A detailed discussion which is based
on the same physical framework, as used here, can
be found in [16].
A suitable Neumann Green’s function for a planar/linear boundary ∂V can be derived by adding
an image source with respect to the boundary ∂V
to the free-field Green’s function [8]. This solution
fulfils the condition (2) due to the specialized geometry. In this case the Neumann Green’s function is
given as
GN (x|x0 , ω)

x0 ∈∂V

= 2 G0 (x|x0 , ω) .

(5)

Hence, for the linear/planar case GN (x|x0 , ω) is
equal to a monopole source with double strength. Introducing GN (x|x0 , ω) into the Kirchhoff-Helmholtz
integral derives the first Rayleigh integral, which is
the basis for the traditional derivation of WFS [1].
However, this theoretical basis holds only for linear/planar secondary source distributions. In WFS,
it is assumed that Eq. (5) holds also approximately
for other geometries. The elimination of the secondary dipole sources for an arbitrary secondary
source contour ∂V has two consequences:
1. the wave field outside of V will not be zero, and
2. the reproduced wave field will not match the
virtual source field exactly within V .
The first consequence implies that the boundary ∂V
has to be convex, so that no contributions from the
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wave field outside of the listening area V propagate
back into the listening area. The second is a consequence of approximating the Neumann Green’s
function for arbitrary geometries using (5). Using
this Neumann Green’s function for curved secondary
source contours leads to artifacts in the reproduced
wave field. One possibility is to mute those secondary sources whose normal vector n does not coincide with the local propagation direction of the
virtual wave field.
Following this concept, the reproduced wave field
reads
P (x, ω) =
I
∂
−
2a(x0 ) S(x0 , ω) G0 (x|x0 , ω) dS0 , (6)
∂n
∂V
where a(x0 ) denotes a suitably chosen window function. This function takes care that only those secondary sources are active where the local propagation direction of the virtual source at the position x0
has a positive component in direction of the normal
vector n of the secondary source. It was proposed
in [17] to formulate this condition analytically on
basis of the acoustic intensity vector.
For an arbitrarily shaped boundary ∂V , the reproduced wave field will not exactly match the virtual
source field S(x, ω) within V . However, this approximation seems to be reasonable for sound reproduction purposes.
3.2. Higher-order Ambisonics
In the literature, several variants of Ambisonics exist. They differ in the assumptions made for the
secondary sources and the procedure used to derive the desired virtual wave field. Since the focus
of this contribution lies on the comparison of HOA
with WFS we will assume model-based reproduction with monopole sources as secondary sources.
This variant of Ambisonics is also known as nearfield compensated HOA [4]. We will further skip
the en-/deconding procedure, typically used in the
traditional derivation of HOA, for the sake of clarity. The theory of HOA is often based on the direct
assumption of a spatially discrete distribution of secondary sources. However, the analysis of sampling
artifacts is simplified by formulating the problem in
a continuous domain and introducing the spatial discretization separately.
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In this case, the driving function for HOA is derived by explicitly solving the integral equation (4)
with respect to the secondary source driving function
DHOA (x0 , ω). As outlined above, decomposition of
the involved wave fields into orthogonal basis functions is a standard solution applied to integral equations in the form of Eq. (4). The orthogonal expansion of wave fields transforms the integral equation
into an equation containing only sums. The resulting equation is then solved by comparison of coefficients or by setting up a linear system of equations.
The particular choice of basis functions depends on
the secondary source contour and the dimensionality of the problem. In the context of HOA, circular
and spherical secondary source contours have been
considered so far. A detailed derivation of driving
functions for continuous circular/spherical contours
can be found in [12, 13, 15]. For a circular geometry
exponential functions with respect to the angular coordinate of a polar coordinate systems are suitable
(Fourier series), for a spherical geometry spherical
harmonics. The explicit form of the driving function
for a circular boundary will be derived in Section 4.2.
3.3. Unified Formulation
The following section will develop a unified formulation of WFS and HOA, which will be used for the
comparison of both approaches.
This unified formulation is derived straightforwardly
by comparing Eq. (4) with Eq. (6). This reveals
that the sound pressure P (x, ω) inside the listening area can be expressed by the secondary source
driving function D(x0 , ω) and the Green’s function
G0 (x|x0 , ω) as
I
P (x, ω) = −
D(x0 , ω) G0 (x|x0 , ω) dS0 . (7)
∂V

The Green’s function characterizes the wave field
emitted by the secondary sources. For WFS and
HOA these are assumed to be monopoles placed at
the boundary ∂V . The explicit form of the Green’s
function depends on the dimensionality of the problem.
For three-dimensional reproduction this is the field
of a point source, for two-dimensional reproduction
this is the field of a line source. Sound reproduction
in a plane, ideally leveled with the listeners ears, is
referred to as two-dimensional reproduction. The required reduction in dimensionality is performed by
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assuming that the reproduced wave field is independent from the z-coordinate.
Line sources would be the appropriate choice as
secondary sources for two-dimensional reproduction. However, since line sources are hard to realize in practice, point sources are typically used
for two-dimensional reproduction. This secondary
source type mismatch results in various artifacts for
WFS [16, 18] and HOA [12, 13] that can be compensated for only to some extend. The remaining most
prominent artifacts are amplitude errors. We will
discard setups exhibiting a secondary source type
mismatch for the comparison of both approaches.
The secondary source driving function D(x0 , ω)
plays an important role since it determines the
loudspeaker signals in a practical implementation.
The secondary source driving function for WFS
DWFS (x0 , ω) can be derived from Eq. (6) as
DWFS (x0 , ω) = −2a(x0 )

∂
S(x0 , ω) .
∂n

(8)

The driving function DHOA (x0 , ω) for HOA depends
on the particular geometry of ∂V . An explicit expression will be derived in the next section.
4. REPRODUCTION ON CIRCULAR ARRAYS
Since HOA is based on a circular/spherical secondary source contour, such geometries will be considered for the comparison of both approaches. For
the sake of clarity, we will assume two-dimensional
reproduction using a circular secondary source contour with line sources as secondary sources for both
WFS and HOA. We will follow the framework developed in [19, 7].
4.1. Reproduced Wave Field
The two-dimensional free-field Green’s function is
given as
G2D (x|x0 , ω) =
(2)
H0 (·)

j (2) ω
H ( |x − x0 |) ,
4 0 c

(9)

where
denotes the zeroth-order Hankel function of second kind [20] and x = [x y]T . Equation (9)
can be interpreted as the field of a line source. This
line source is located parallel to the z-axis and intersects with the reproduction plane at the position x0 .
The reproduced wave field for a circular distribution
of secondary monopole line sources is given by introducing (9) into (7) for the specialized geometry.

y
x0
∂V
R

P (x, ω)

∆r
α0
r

α

x
x

n

Fig. 2: Geometry used to derive the wave fields reproduced by WFS and HOA. The dots • denote the
spatial sampling positions of the secondary sources.
Figure 2 illustrates the geometry. The reproduced
wave field P (x, ω) reads
Z
j 2π
(2)
P (x, ω) = −
D(α0 , R, ω) H0 (k∆r) R dα0 ,
4 0
(10)
where ∆r = |x − x0 |. The next step is to express
the driving function D(α0 , R, ω) as Fourier series
D(α0 , R, ω) =

∞
X

D̊(ν, R, ω) ejνα ,

(11)

ν=−∞

where D̊(ν, R, ω) denote the Fourier series coefficients of the driving function. Applying the addition
theorem for Hankel functions [21] and exploiting the
orthogonality of the exponential functions allows to
eliminate the angular integral, resulting in
P (x, ω) =
∞
X
π
−j R
Jν (kr) Hν(2) (kR) D̊(ν, R, ω) ejνα .
2 ν=−∞

(12)

The variable ν can be interpreted as angular frequency. The representation (12), as sum with respect to the angular frequency, is especially useful
in the context of angular sampling. This due to the
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fact, that the angular spectrum of the reproduced
wave field is given by a multiplication of the angular
spectrum of the secondary source spectrum and the
driving function.

are given as

D̊S (ν, R, ω) =

∞
X

D̊(ν + ηN, R, ω) .

(15)

η=−∞

4.2. Driving Functions
The particular form of the driving function for WFS
and HOA depends on the desired virtual wave field
to be reproduced. We will consider virtual plane
waves for the comparison of both approaches since
arbitrary wave fields can be decomposed into plane
waves [8].
The HOA driving function for a virtual plane wave
with incidence angle θpw can be derived by equating
the right hand side of Eq. (12) with the desired wave
field of a plane wave. Expressing a plane wave as
Fourier series using the Jacobi-Anger expansion and
performing a comparison of the series coefficients
yields
−ν

2
j Jν (kr)
e−jνθpw .
jπR Jν (kr) Hν(2) (kR)
(13)
Note, that the Bessel function in the numerator and
denominator of Eq. (13) cannot be canceled straightforwardly to the zeros of the Bessel function. The
angular spectrum D̊WFS (ν, R, ω) of the driving function for WFS cannot be derived as straightforwardly
as for HOA, due to the involved window function.
The driving function for WFS is given as [16]
D̊HOA (ν, R, ω) = −

DWFS (α0 , R, ω) =
ω
ω
2j apw (α0 ) cos(α0 − θpw )e−j c R cos(α0 −θpw ) , (14)
c
where the window function for a plane wave
apw (α0 ) = 1 for cos(α0 − θpw ) > 0 and zero elsewhere. The Fourier series coefficients D̊WFS (ν, R, ω)
can be computed by performing a Fourier transformation with respect to the angle α0 .
4.3. Spatial Sampling
The discretization of the secondary source distribution is modeled conveniently by sampling of
the loudspeaker driving function D(α0 , R, ω) at N
equidistant angles (as illustrated by the black bullets
in Fig. 2). Angular sampling results in repetitions of
the angular spectrum [19]. The Fourier series coefficients D̊S (ν, R, ω) of the sampled driving function

Introducing (15) into (12) yields the wave field reproduced by a discrete secondary source distribution.
In HOA, the angular bandwidth of the continuous
driving driving function (13) is typically limited as
follows
D̊HOA,N (ν, R, ω) =
(
D̊HOA (ν, R, ω) , for |ν| ≤ (N − 1)/2
0
, otherwise.

(16)

for odd N , analogous for even N . Traditionally this
limitation has been applied due to the underlying
spatially discrete formulation. However, as shown
later, this limitation of the angular bandwidth has
also influence on the properties of the reproduced
wave field with respect to truncation and spatial
sampling artifacts. Truncation artifacts will not be
discussed in this paper. Please refer to e. g. [14, 12]
for a detailed treatment.
The formulation of the reproduced wave field in
terms of angular frequencies given by Eq. (12) and
Eq. (15) can be used to investigate the effects of
spatial sampling. This is performed by splitting up
the reproduced wave field PS (x, ω) into the wave
field PS,0 (x, ω) containing no angular repetitions and
PS,al (x, ω) containing all repetitions. The wave field
PS,0 (x, ω) would have been reproduced by a continuous secondary source distribution. It is given as
PS,0 (x, ω) =
∞
X
π
−j R
D̊S (ν, R, ω) Jν (kr) Hν(2) (kR) ejνα .
2 ν=−∞

(17)

Note, that Eq. (17) inherently includes the truncation artifacts of HOA in the desired wave field. The
contributions PS,al (x, ω) reproduced by a spatially
discrete secondary source distribution can be derived
by considering only the spectral repetitions defined
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ill-posed. The non-uniqueness doesn’t allow to control the wave field within the listening area at some
π
distinct frequencies, while the ill-posedness implies
PS,al (x, ω) = −j R ×
2
numerical problems for the calculation of the driv∞
X X
ing function. HOA has numerical problems due to
(2)
jνα
×
D̊S (ν+ηN, R, ω)Jν (kr) Hν (kR) e
.
ill-posedness of the driving function. This can be
|η|≥1 ν=−∞
concluded from (13). Due to the zeros of the Bessel
(18)
function, the numerator and denominator is zero at
some frequencies. Depending on the properties of
The split-up of the reproduced wave field is used
the numerator numerical problems may arise when
to calculate the energy of the contributions due to
computing the driving function at some distinct frethe spectral repetitions with respect to the desired
quencies. Standard regularization techniques can be
wave field. The reproduced aliasing-to-signal ratio
applied in order to overcome this problem. Both
RASR [19] is defined as follows
the non-uniqueness and the ill-posedness occur typRω
′ 2
′
|P
(x,
ω
)|
dω
ically only at a limited number of discrete frequenS,al
.
(19)
RASR(x, ω) = R0ω
2
′
′
cies. Outside of these frequencies, the reproduced
0 |PS,0 (x, ω )| dω
wave field matches exactly the desired one within
The RASR is a measure for the artifacts due to samthe entire listening area. The explicit form of the
pling. The truncation artifacts are explicitly disdriving function for HOA depends on the underlying
carded due to the definition of the desired wave field
geometry of the problem. Currently solutions exist
given by (17).
for circular/spherical secondary source contours.
Note, that the psychoacoustic relevance of the RASR
The theoretical foundation of WFS is based on a
is unclear at the current stage and will be investiNeumann Green’s function describing the wave field
gated further. It will be used, however, due to a
of the secondary sources. WFS applies the Neulack of alternatives.
mann Green’s function for a linear/planar boundThe unified formulation of WFS and HOA developed
ary ∂V , since such secondary sources are in genso far, for a circular secondary source distribution,
eral impossible to realize for arbitrary secondary
lays the theoretical fundament for the comparison of
source contours. This function can be realized by
both approaches.
monopole secondary sources. The wave field reproduced by WFS is only exact for linear/planar
5. COMPARISON OF THE PROPERTIES OF
secondary source contours, as a consequence. The
WFS AND HOA
extension to arbitrarily shaped convex secondary
The comparison of WFS and HOA is performed in
source contours is performed by sensibly selecting
several steps. The physical properties will be investithe active secondary sources. For a circular secgated first. Then a closer look is taken at the driving
ondary source contour, the reproduced wave field
functions and the resulting reproduced wave fields.
will exhibit inaccuracies due to the wrong type of
secondary sources. This holds also for other non5.1. Physical Properties
linear/-planar geometries. However, these inaccuraThe physical properties of both approaches are given
cies seem to be of minor relevance in practical impleby the underlying basic theory, as presented in Secmentations (see e. g. Fig. 6(a)). WFS doesn’t seem
tion 2, and the particular derivation of the algoto suffer from non-uniqueness or ill-posedness probrithms, as presented in Section 3. The resulting
lems in typical situations. This is due to the fact
properties will be discussed in the following. The
that not all secondary sources are use to reproduce a
influence of spatial sampling will be investigated in
particular wave field and hence no resonances occur.
the next sections.
Furthermore, the secondary source driving function,
HOA is based on an explicit solution of a simple
as given by (14), exhibits no ill-posedness.
source formulation. The simple source formulation
Note, that for both approaches a wave field is also
constitutes a boundary integral equation of the first
reproduced outside of the listening area, contrary to
kind. It is known from the underlying mathematthe Kirchhoff-Helmholtz integral.
ics that the solution is potentially not unique and
by Eq. (15)
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Fig. 3: Absolute value D̊HOA (ν, R, ω) of the angular spectrum of the HOA driving function for a virtual
plane wave.
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5.2. Driving Functions
The following sections illustrate the different
properties of WFS and HOA using a numerical simulation of both systems. For this purpose, a circular
reproduction system with a radius of R = 1.50 m
consisting of N = 56 secondary monopole line
sources was simulated. The driving functions for
both approaches where calculated for a plane wave
as desired virtual wave field. Depending on the
investigation, the plane wave is either assumed to
be monochromatic or a bandlimited Dirac pulse.
The incidence angle of the plane wave is θpw = 270o
for all simulations. For the situations shown in the
various figures, the plane wave travels parallel to the
y-axis from top to down. The angular bandwidth
of the HOA driving signal is bandlimited according
to (16).
Figure 3 depicts the
angular spectrum
D̊HOA (ν, R, ω) of the continuous and sampled
HOA driving function. The band-limitation of the
driving function can be seen clearly in Fig. 3(a),
the spectral repetitions due to angular sampling
in Fig. 3(b).
Note, that no spectral overlaps
are present in the latter figure due to the bandlimitation of the HOA driving function.
Figure 4 shows the angular spectrum D̊WFS (ν, R, ω)
of the continuous and sampled WFS driving function. Figure 4(a) reveals that the driving function
for WFS is not band-limited in the angular frequency domain. Consequently, this leads to spectral
overlaps and aliasing when the driving function is
sampled, as can be seen in Fig. 4(b).
It can be deduced from Fig. 3 and 4 that both
driving functions exhibit spectral repetitions due
to angular sampling. However, due to the missing
band-limitation for WFS, in this case the sampled
driving function contains aliasing. According to
Eq. (12), the reproduction of the spectral repetitions in the driving function depends on the
angular spectrum of the secondary sources. If the
secondary sources resemble an ideal low-pass then
none of these repetitions are reproduced. However,
the characteristics of the angular spectrum are
given by the actual type of secondary sources
used. Figure 5 depicts the angular spectrum of
a line source. It is evident that the spectrum is
not band-limited. Hence, the spectral repetitions
present in the driving functions of WFS and HOA
will be reproduced to some extend.
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5.3. Reproduction of Monochromatic Plane
Waves
Figures 6 and 7 show the reproduced wave field for
a monochromatic virtual plane wave with varying
frequency fpw . The left rows show WFS, the right
rows HOA. According to Fig. 6(b), HOA provides
accurate reproduction within the listening area for
the lowest frequency shown (fpw = 500). For WFS
some slight deviations from the desired plane wave
are visible at the lower end of the listening area close
to the secondary sources (see Fig. 6(a)). These deviations are due to the fact that the secondary sources
do not match the wave field of the required Neumann Green’s function for that situation. As the
frequency of the plane wave increases, also the reproduced wave fields of WFS and HOA show an
increasingly amount of artifacts. For instance, in
Fig. 6(e) strong interferences can be observed in the
upper part of the listening area. These constitute
spatial aliasing due to spectral overlaps in the driving function for WFS. It can be seen in Fig. 6(f) for
HOA, that the area where the reproduced wave field
matches the desired plane wave is approximately a
circular region around the center of the listening
area. Outside of this area strong sampling artifacts
occur. However, these artifacts look quite different
than for WFS.
Hence, the spatial structure of the sampling artifacts for WFS and HOA differ significantly. This can
be observed more clearly in Fig. 7(e) and Fig. 7(f).
While the spatial aliasing artifacts for WFS are less
pronounced with an increasing distance of the listener to the active secondary sources, the reproduction error of HOA is minimal in the center of the
listening area. Furthermore, the artifacts for WFS
are quite unstructured, while these are much more
structured for HOA. Especially in Fig. 7(f), the artifacts on the sides constitute approximately plane
waves which are tilted towards the upmost loudspeakers. This could imply, that these loudspeakers
can be localized quite well by the listeners. Further
investigation of the angular energy distribution of
the driving function supports this observation. Almost all energy in the driving function is assigned to
the upmost loudspeaker for higher frequencies. For
WFS this is not the case. For HOA, also the level of
the sampling artifacts varies strongly with frequency
and to some lesser extend with the position. This
could imply strong colorations for listener positions
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Fig. 6: Reproduced wave field for a monochromatic virtual plane wave.
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Fig. 7: Reproduced wave field for a monochromatic virtual plane wave.
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outside of the center in HOA.
For both WFS and HOA, this downsizing of the area
where the desired wave field is reproduced correctly
continues as the frequency increases further.
5.4. Reproduced Aliasing to Signal Ratio
In order to analyze the reproduction errors in a more
quantitative fashion, the RASR was computed for
a band-limited plane wave with varying bandwidth
bpw . The results are illustrated in Figures 8 and
9. The findings from the previous section, with respect to the spatial structure of the spatial sampling
artifacts, are confirmed clearly. It can be seen additionally that for HOA, similar to WFS, the sampling
artifacts are less pronounced for listeners in the lower
part of the listening area. This is due to the fact that
the upper loudspeakers are the ones driven with the
highest levels. For both, WFS and HOA, the overall
size of the almost artifact free reproduction area is
quite similar. However, HOA has the advantage that
this area is located at a fixed position. Only the size
varies here. For the highest bandwidth shown here
this circular region has a diameter of about 1 m. In
order to be able to reproduce the wave field accurately around the head of one listener, this region
should be at least 30 cm in diameter. Further simulations revealed that the reproduction of a plane
wave with a frequency up to 10 kHz is possible just
around the head of one listener without severe sampling artifacts.
Its also interesting to note, that the energy of the
aliasing contributions increases in a quite steep fashion.
6. CONCLUSION
This paper presents a comparison of two massive multichannel sound reproduction techniques,
namely WFS and HOA. We started off with a formulation of both approaches in a common framework
which included their underlying physical basis and
the realization by a spatially discrete distribution
of secondary sources. This mathematical view was
complemented by numerical simulations of the reproduced wave fields. The results presented in this
paper revealed a number of differences between WFS
and HOA. Some of the differences between both approaches that have been reported in the literature
where confirmed. However, also a number of new
findings could be derived.
The main findings for WFS are: (1) it provides an
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explicit formulation of the driving function for arbitrary convex secondary source contours, (2) the
computations of the driving signals can be realized
quite cheaply, (3) even when discarding spatial sampling, the desired wave field is not reproduced exactly within the listening area for curved secondary
source contours, (4) the area with almost sampling
artifact-free reproduction is not at a constant position, (5) the sampling artifacts exhibit irregular
structures and (6) are potentially perceived as coloration of the virtual source [22].
The main findings for HOA are: (1) explicit formulations of the driving function can only be derived by
considering a particular geometry, (2) the computation of the driving signals might become quite complex due to the special functions involved, (3) exact
reproduction within the listening area is in principle
possible, (4) almost sampling artifact-free reproduction is possible in a circular region around the listening area, (5) the sampling artifacts exhibit quite regular structures, (6) the sampling artifacts may give
rise to strong coloration of the virtual source and (7)
HOA potentially suffers from non-uniqueness and illconditioning.
These results show that WFS and HOA are not similar even when discarding spatial sampling and that
the sampling artifacts of both approaches differ significantly from each other. Sound reproduction systems are mainly designed for human listeners and
hence their perceptual difference is of major interest. The differences between WFS and HOA derived
in this paper are based on mathematical formulations and numerical simulations. Their psychoacoustic impact is not clear at the current stage. However, the results might give some indications. For
instance, the structure of the sampling artifacts for
HOA indicates that listeners perceive the sound as
coming from one distinct position on the secondary
source contour for the reproduction of a plane wave.
This effect was already observed in a first informal
listening test. More work has to be performed for
a subjective comparison of both approaches. The
work presented in this paper may lay the ground for
the design of these experiments.
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(a) WFS (bpw = 500 Hz)

(b) HOA (bpw = 500 Hz)

(c) WFS (bpw = 1000 Hz)

(d) HOA (bpw = 1000 Hz)

(e) WFS (bpw = 1500 Hz)

(f) HOA (bpw = 1500 Hz)

Fig. 8: Reproduced aliasing to signal ratio RASR(x, bpw ) for a bandlimited virtual plane wave.
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(a) WFS (bpw = 2000 Hz)

(b) HOA (bpw = 2000 Hz)

(c) WFS (bpw = 2500 Hz)

(d) HOA (bpw = 2500 Hz)

(e) WFS (bpw = 3000 Hz)

(f) HOA (bpw = 3000 Hz)

Fig. 9: Reproduced aliasing to signal ratio RASR(x, bpw ) for a bandlimited virtual plane wave.
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