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ABSTRACT

In sound field synthesis, like near-field compensated higher-order Ambisonics or Wave Field Synthesis, various
virtual source models are used to describe a virtual sound scene. In near-field compensated higher-order
Ambisonics, the virtual sound field has to be expanded into spherical harmonics. Unlike plane waves and
spherical waves, cylindrical waves are not conveniently represented in the spherical harmonics domain. In
this paper, we tackle this problem and derive closed form driving functions for virtual cylindrical waves.
The physical properties of synthesized sound fields are investigated through numerical simulations, where
the results are compared with virtual cylindrical waves in wave field synthesis.

1. INTRODUCTION

Sound field synthesis is a spatial sound reproduction
approach, the aim of which is the physical recon-
struction of a desired sound field within a listening
area, using a dense distribution of secondary sources.
The secondary sources are realized by loudspeak-
ers that are driven by individual driving functions.
Well-known analytic sound field synthesis methods
are Wave Field Synthesis (WFS), near-field compen-
sated higher-order Ambisonics (NFC-HOA), and the
spectral division method (SDM) [1, 2, 3, 4].

The desired sound field can be obtained either by
a spatial recording in combination with sound field

analysis, or by physical model describing a virtual
sound field. The former approach is termed as data-
based representation, and the latter as model-based
representation. In model-based sound field syn-
thesis, various virtual source models are employed.
While virtual plane waves and spherical waves are
frequently used, cylindrical wave models seem to
have gained less attention. This is probably be-
cause (i) a spherical harmonics representation is not
known, (ii) it involves Hankel functions who are com-
putationally complex to implement, whereas (iii)
point sources can be implemented efficiently and
thus are preferred in modeling radially propagating
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waves. To the authors knowledge, the NFC-HOA
driving function of a virtual cylindrical wave has
not been published so far, whereas the corresponding
WFS and SDM driving functions are known [4, 5].

In [6, Sec. 5.3.4], it was noted that the amplitude
of virtual spherical waves seems to attenuate much
faster than one might expect from a real source. Al-
though the auditory distance perception in sound
field synthesis is still an open topic, a virtual line
source could be an alternative to achieve a mild am-
plitude decay.

This paper derives the NFC-HOA driving function
for virtual cylindrical waves in closed form. First,
we formulate the relation between the circular and
spherical harmonics representation, under the as-
sumption that the sound field is independent to the
vertical axis (Sec. 2). Circular harmonics expansion
coefficients are converted to spherical expansion co-
efficients, which are then plugged into the general
NFC-HOA driving function (Sec. 3). The repro-
duced sound fields are numerically simulated, and
the physical properties are examined with special
attention to the amplitude decay (Sec. 4).

1.1. Nomenclature

A sound field in the frequency domain is denoted
by uppercase S(x,w), and a vector like e.g. posi-
tion x by lowercase boldface. The radial frequency
w is related to the temporal frequency w = 27 f. For
monochromatic plane waves, we use the convention
e_ikgwx, where the direction of kg, indicates the
propagation direction and its norm the wavenum-
ber, k = |kpw| which satisfies the dispersion rela-
tion k = % with ¢ being the speed of sound. The
time dependent phase ™! is omitted. Cylindrical
coordinate representation (p, @, z) is related to the

Cartesian coordinates (z,y, z) by

T = pcoso
y = psing
2=z

where p is the distance from the z-axis and ¢ the
polar angle. The spherical coordinate representation
(r, v, B) is related to the Cartesian representation by
T = rcosasin
y = rsinasinf

z =1rcosf,

where 7 is the distance from the origin, a the az-
imuth angle, and S the colatitude angle. The com-
plex unit 4 is defined as i2 = —1. The subscripts
‘pw’, ‘Is’, and ‘ps’ are the abbreviations for plane

wave, line source, and point source, respectively.

2. REPRESENTATION OF SOUND FIELDS

In the following, two-dimensional (2D) sound fields
independent to one spatial coordinate are mainly
considered. Without loss of generality, we assume
that the vertical axis (z-axis or § = 0) is the in-
variant coordinate. For instance, an infinite-length
cylindrical radiator with z-independent particle ve-
locity emits a 2D sound field. It is further assumed
that no sound source, sink, nor scatterer is in the
evaluation region, i.e., only homogeneous regions are
considered.

2.1. Circular Harmonics Representation
In cylindrical coordinates, a height-invariant 2D
sound field S(p, ¢, z,w) = S(p,¢,w) can be ex-

panded into circular harmonics ™%,

o0

S(prdw) =Y Su(w)Im(2p)e™?, (1)

m=—0o0

where S,,(w) denotes the expansion coefficient,
Jm(%p) the m-th order Bessel function of the first
kind. Equation (1) can be regarded as a Fourier
series expansion with coeflicients SD’me (% p).

The circular harmonics expansion of a plane wave
with kpw = (g, ky,0) is [7, (2.41)]

o0

e~ KpwX — Z i Tm (2p)e™?, (2)

m=—0o0

and the expansion of a monopole line source at p =
pis, ¢ = ¢1s is [8, (8.53)]

— 1P (2]x - xi])) =

= Z —EHD (2p1) Jpn (2p) ™ @00 (3)

m=—0o0

for Vp < pis. They are listed in Table 1. The ex-
pansion coefficients for higher order line sources can
be obtained by exploiting the addition theorem of
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source type S (w)

$m(w)

n

plane wave iTme T imPpw

line source

—iH (20

point source —

S)efimd)ls

A=Y, " (Bpws Qpw)*
—mim L HE (L) Y (T, o)

i h(2) ( pr) Y (Bps, aps)

Table 1: Circular and spherical harmonics expansion coefficients for selected source types.

Note that the

coefficients for line source and point source are only valid in the interior region (p < pis and r < ri5). The
spherical harmonic expansion coefficient of a monopole line source (colored cell) is derived in Sec. 2.3.

Bessel functions [9, (9.1.75)],

o0

S(x,w) = Z Jm(%p)eim¢x
X Z H(2 £ i) Ju(2p)e im=—pmdrgind (4)
pH=—00
S (w)
for Vp < pis.

2.2. Spherical Harmonics Representation

In spherical coordinates, a homogeneous 3D sound
field can be represented by the spherical harmonics
expansion,

=D D Sr@)ia(2r)

n=0m=—n

S(T,OL,,B,W Ynm(ﬂv a)

(5)
where S7(w) denotes the expansion coefficient,
]n(%r) the spherical Bessel function, and Y;"(8, «)
a spherical harmonic, defined as

with P! (cos ) being the associated Legendre func-
tion. Note that,

Y, (6, a)
Y (B, )"

A plane wave propagating parallel to the xy-plane,
Bpw = %5, is expanded as [7, (2.32)]

T oo n
e hpwX — Z Z 47ri7”jn(%r) X

n=0m=-—n
Y (B, a), (9)

n n—m)! pm imao
2n1 Energ‘P (cos B)e™*,  (6)

=Y,"(B,0)e"™ (7)
=Y,™(3,0)e” "™, (8)

X Y5 opw)”

and a point source at Xps = (T'ps, Qps, Ops) as [8,
(8.22)]

1 =il =]

e Zm_Z (Zree) x
X jn (27) Y7 (Bps: 0ps) Y (B, 1), (10)

also listed in Table 1. Although the latter is not a 2D
sound field, it was included as practical sound field
synthesis systems employ secondary point sources.
Unlike in Sec. 2.1, a 2D sound field is not straightfor-
wardly degenerated in the spherical harmonics rep-
resentation.

2.3. Converting S,,(w) to 57 (w)

In order to reveal the relation of circular and spher-
ical harmonics expansion coefficients in a 2D sound
field, (5) is reformulated to a Fourier series, by ex-
changing the order of summations and exploiting

(7),

o0

§ ezma X

m=—0o0

S(r’a’/@’w) =

Ya"(6,0). (11)

If we compare (1) with (11) in a horizontal plane,

z=rcosp,
S (W) T (Zrsin B) = > 81 (w)jn (27)Y,"(8,0),
n=|m|
(12)

where the variables of the cylindrical coordinate sys-
tem were replaced, p = rsin 3, ¢ = «. By using the
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expansion coefficients of plane waves, (2) and (9),
the Bessel function of the first kind is represented as
a weighted sum of spherical Bessel functions of the
first kind,

ifme(%rsinﬂ) =

= i 4mi Y (E, 0)F

n=|m|

Y (B,0)jn (27)  (13)

where the phase term e~ ¥™®rv is canceled out. Fi-
nally, by substituting Jm(%r sin 6) in (12) with (13),
the relation of the expansion coefficients in spherical
and circular harmonics representations are obtained,
gm(w) = 4mi"m Y, (

n

5,0)"Sm(w).  (14)
For instance, a monopole line source is represented
by spherical harmonics with the coefficients of

v
m

n,ls(w) = _ﬂ-im_n—’_ng) ( c

)Ym( yans)*. (15)
The position of a line source is defined by its position
in the xy-plane. The circular harmonics expansion
coefficients of monopole or higher-order line source,
can now be converted into spherical harmonics coef-
ficients.

The conversion between these two representations
was also presented, e.g., in [10, Eq. (13)] and [11
Eq. (3.47)] in the context of sound field analysis, and
also in [12, Appendix] using a different derivation.

3. NFC-HOA

In NFC-HOA, the sound field reproduced by sec-
ondary monopole sources continuously distributed
on the surface of a sphere with a radius of r is given
as

ra)/B)

2m
/ / D XO)

where xg = (79, @, Bo) is the position of a secondary
source on the boundary surface, D(xg,w) the corre-
sponding driving function, and r¢ sin Bdadf the sur-
face element. The Green’s function G(x|x¢,w) char-
acterizes the acoustic transmission from a secondary
source Xg to a field point x # x¢. Equation (16) is
solved with respect to the driving function D(xq,w),
such that the reproduced sound field in V' equals the

G (x|xq,w)rg sin fdadB  (16)

desired one S(x,w) = S(x,w). NFC-HOA is based
on the explicit solution of (16). Due to the spherical
symmetry of the problem, each term in (16) is ex-
panded into spherical harmonics. The driving func-
tion is given by comparing the individual expansion
coefficients. In this paper, the detailed derivation
is omitted and the results from earlier studies are
adopted. Theoretical details of NFC-HOA are pre-
sented in [13], and comparison with other methods
can be found in [14, 15].

3.1. Secondary Point Sources

A spherical distribution of secondary point sources
can perfectly reconstruct 3D sound fields, and a
circular distribution of secondary line sources can
achieve perfect reconstruction of 2D sound fields.
The latter, however, is not feasible as a line source
cannot be realized. In so-called 2.5D synthesis, the
line sources are replaced by point sources, which re-
sults in dimensionality mismatch between the sound
field and the secondary sources.

In practical sound field synthesis systems, loud-
speakers mounted in closed enclosures are employed,
which reasonably approximates monopole sources up
to moderate frequencies. If we assume free-field
propagation and ignore the interaction between the
secondary sources, G(x|xg,w) is given as the 3D free-
field Green’s function and its spherical harmonics
expansion coefficient as

Griw) = —i2hi?) (2

n

7o) Y, (0,0)%, (17)

which is evaluated for the secondary source at xg =
(TOa 07 0) .

3.2. 3D Driving Functions

Note that Eq. (16) constitutes a spherical convolu-
tion of the driving function and the 3D Green’s func-
tion, which is equivalent to the multiplication of the
corresponding spherical harmonics expansion coeffi-
cient. Thus, the coefficient of the driving function is
given as [13]

Dsp (v, Bo,w

27‘(7"2 Z Z

0 pn=0m=—n

2n—|—1S (w)

' (Bo, ). (18)

The mode of G"'(w) is set to m = 0 due to the
property of spherical convolution [16, p. 210]. Note
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that, for certain frequencies, the driving function has
a non-uniqueness problem due to the zeros of the
denominator. But it was shown that this can be
overcome and (18) is still a valid solution [17, 18].
This is also to case for the 2.5D NFC-HOA driving
function introduced in the following subsection. To
obtain the 3D NFC-HOA driving function of a 2D
sound field, (14) and (17) is plugged into (18),

n = m+1S )

Dsp (v, fo,w) QZ Z o (2
n=0m=—n h )
x Y (%,0)" Yﬁn(ﬁmao)- (19)

The driving function of a monopole line source at
(r1s, cus, 0) is obtained by using the coefficient from
Table 1,

n in— mH(2)( Tls)

27«22 Z th)( )

0 n=0m=—n
x Y, (5, 0a5)"Y," (Bo, o). (20)

D3p 1s(v0, o, w

3.3. 2.5D Driving Functions

In 2.5D synthesis, Eq. (16) degenerates to a con-
tour integral on a circle, thus constituting a circular
convolution. Analogous to the 3D case, the driving
function is given in terms of circular harmonics [13],

1 .
D = — E ————e'm0, 21
2.5D(0407 w) 2770 2 cm € ( )

In the derivation, although not obvious from (21), a
reference radius of r = 0 is chosen so that the radial
dependency of the driving function is removed. As a
result, the reproduced sound field is correct only at
the central position, and amplitude errors are intro-
duced elsewhere. This is a typical property of 2.5D
sound field synthesis. Again, the driving function of
a general 2D sound field is obtained by substituting
(12) and (17) into (21),

Dy s5p(ag,w) =

9 &S m-lmiig ,
B i C) ) gimeo  (29)

0 =" h|(72r3\( To)

The driving function of a virtual line source at

(115, s, 0) is thus,

Dy 5p1s(ao,w) =
1 I ES (2ry)
=— eimi@o=en) - (93)

2ro = “hffrf\( 7o)

4. RESULTS

In this section, numerical simulations of the synthe-
sized sound fields are presented. The driving func-
tion (20) or (23) are used to drive ideal secondary
point sources, and the reproduced sound fields are
computed using a discretized version of (16). In 3D
sound field synthesis, a spherical array consisting of
N3p = 484 secondary sources is used, whereas in
2.5D cases, a circular array with Nosp = 64 sec-
ondary sources is used. Both arrays have the same
radius of 79 = 1.5 m. The secondary sources of
the circular array have an equiangular distribution.
The secondary source distribution of the spherical
array was computed by using the Riesz s-energy ap-
proach [19]. The upper bounds of the summations
n (20) and (23) were truncated to finite numbers

MgD:\/N3D—1:21

Mssp = Nasp/2 —1=31,

thus the spatial bandwidth of the driving functions
is band-limited. Due to spatial sampling and spa-
tial bandwidth limitation, reconstruction errors are
introduced in the synthesized sound fields, mostly
concentrated above an upper bound frequency given
as [20]

Mc
= ) 24
! 27rg (24)
This corresponds to
fsp = 764.3 Hz (25)
fo.5p =~ 1128.2 Hz, (26)

in 3D and 2.5D synthesis, respectively (¢ =
343 m/s). Note that, the reconstruction errors are
also position dependent. The synthesized sound field
has a nearly-artifact-free region around the center of
the array, whereas the sound field outside it suffers
from deviations. The size of this region is given as [6,
(2.41)]
Mc

2rF (27)

v =
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2 0 1 2
y/m
(b) f =500 Hz (yz-plane)

z/m
o

y/m
(¢) f = 1.5 kHz (zy-plane) (d) f = 1.5 kHz (yz-plane)

Fig. 1: Synthesized sound fields, R{S(x,w)}, of a virtual line source (r; = 2 m, g = % rad) using 3D
NFC-HOA (N = 484, ro = 1.5 m). For better visibility, the secondary sources are not shown, and the
boundary of the array is indicated by circles instead (O in the xy-plane and () in the yz-plane). The virtual
source is indicated by a black circle e in the zy-plane (top view), and by thick black lines in the yz-plane
(side view).
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-2 -1 0 1 2
y /m
(a) NFC-HOA

Fig. 2: Amplitude decay in the synthesized sound field of a virtual line source (rs = 2 m, a5y =

real line source

O 2 = (.0 M1

m— = (.5 m
z=10m

-2 -1 0 1 2
y / m
(b) WFS

s
b rad,

f = 750 Hz) synthesized by 3D sound field synthesis (N = 484, ry = 1.5 m). The position of the virtual line
source is indicated by the black circle o, and the amplitude decay of a real line source by the dashed gray
line. The results were normalized such that the sound field at x = 0 is 0 dB.

The focus of our observation is on the amplitude de-
cay in the synthesized sound field. The sound field
of an ideal line source has constant amplitude along
the longitudinal direction, while exhibits a 3 dB at-
tenuation per doubled distance along its radial direc-
tion. As noted before, the geometrical attenuation
of a virtual source in 2.5D sound field synthesis suf-
fers from deviations. Moreover, the amplitude decay
shows different behavior depending on whether the
listener is moving in the listening area or the source
is moving in the virtual space [6, Sec. 5.3.4].

The influence of the limited number of secondary
sources on the synthesized sound field are not
treated in detail. For a comprehensive analysis of
spatial sampling and spatial bandwidth limitation,
the reader is referred to [21, 22].

The numerical simulations are based on the Sound
Field Synthesis Toolbox [23]. Although the NFC-
HOA driving functions of virtual line sources are not
implemented in the current released verion (1.0.1),
the scripts used for the simulations are avail-
able for download at http://spatialaudio.net/
virtual-cylindrical-waves.

4.1. 3D NFC-HOA
Figure 1(a) and 1(b) are the cross-sections of the

sound fields of a virtual line source with a frequency
of f = 500 Hz and positioned at (2, §,0). The de-
sired sound field is correctly synthesized within the
listening area, apart from a slight amplitude devia-
tion observed on the yz-plane. In the case of a vir-
tual line source with a frequency f = 1.5 kHz, higher
than the frequency in (25), the performance is de-
graded as shown in Fig. 1(c) and 1(d). The desired
sound field is only observed around the center of the
spherical array. The existence of such error-free re-
gion is a well-known property of NFC-HOA [21]. For
a given configuration and allowable error criterion,
the radius of the region is inversely proportional to
the frequency.

In Fig. 2(a), the amplitude at different heights are
shown for a virtual line source (f = 750 Hz). In
the range of |y| < 1, the amplitude is almost per-
fect at z = 0, and only slightly deviated at z = 0.5.
Outside this range, strong deviation and fluctuation
occur. Fig. 2(b) shows the amplitude decay of the
same virtual line source synthesized using WFS. The
amplitude is very high in the vicinity of the vir-
tual source, and decreases more or less monotoni-
cally with a slight fluctuation. There is no apparent
error-free region.

AES 138t Convention, Warsaw, Poland, 2015 May 7-10
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In Fig. 3, virtual line source emits four different fre-
quencies, from 250 Hz to 2 kHz with an interval of
one octave. In Fig. 3(a), the error-free region in
NFC-HOA gets smaller for higher frequencies. The
amplitude drops off exactly 3 dB per octaves. This
is due to the low-pass characteristic of line sources.
WFS, shown in Fig. 3(b), suffers from amplitude er-
ror in the entire listening area, even for frequencies
below the spatial aliasing frequency. Each amplitude
asymptotically converges to the desired amplitude
with an offset of 3 dB. In terms of spectral balance,
better performance is expected for NFC-HOA at the
center of the array, but strong spectral variation is
likely to occur even with a slight movement, as pre-
sented in [24]. The spectral variation in WFS is
relatively gradual.

So far, the source was fixed and the amplitude dis-
tribution within the listening area was examined.
Fig. 4 shows the amplitude at the center of the lis-
tening area, while moving the source along the y-
axis. Only non-focused sources ()5 > 1) were con-
sidered. For distance lager than 4 m, the amplitude
agrees with the —3 dB decay per doubled-distance
rule. While the amplitude in NFC-HOA smoothly
decays, deviations occur in WFS, especially near the
secondary sources. This is due to the WFS driv-
ing function which grows inversely proportional to
the distance between the virtual source and the sec-
ondary source [2].

4.2. 2.5D NFC-HOA

The same scenarios were considered for 2.5D synthe-
sis. The sound field of a line source (f = 750 Hz)
at xjs = (2,%,0) is shown in Fig. 5(a). Above
the frequency in (26), in Fig. 5(b), the synthesized
sound field is contaminated by reconstruction errors.
Within the error-free region, only the phase of the
desired sound fields is correctly synthesized.

In Fig. 6, a number of virtual source models are com-
pared in terms of amplitude decay within the listen-
ing area, along the y-axis. Not surprisingly, the vir-
tual line source and virtual point source exhibit the
same decay of —6 dB per doubled distance, both in
NFC-HOA and WFS. This seems to be an inherent
characteristic in 2.5D sound field synthesis which is
unavoidable.

Fig. 7 shows the frequency dependency of the am-
plitude decay in the listening area, which is always

steeper than in theory. The low pass characteristic
(—3 dB/octave) is preserved in NFC-HOA within
the error-free region, which is not the case in WFS.
The large amplitudes at yo = —1.5 m in Fig. 7(a)
are due to the fact that NFC-HOA always activates
every secondary sources. WFS, on the other hand,
uses only the secondary sources that are illuminated
by the virtual source [25].

The amplitude changes due the source position are
shown in Fig. 8. In NFC-HOA, each virtual source
model exhibits the desired decay rate, whereas in
WEFS, the virtual point source and line source have
almost the same amplitude behavior.

4.3. Further Discussions

The sound field emitted by a line source exhibits
a low-pass characteristic, as can be noted from the
properties of the Hankel function [9, Ch. 9]. To em-
ploy a virtual line source in sound field synthesis, it
might be favorable to equalize its spectrum. This
can be done, by applying an equalization filter with
a slope of 43 dB/octave to the driving function, e.g.,
filtering by \/E

The spherical Hankel function appearing in the de-
nominator in (20) and (23) can be realized by re-
cursive filters [26, 27], thereby enabling an real-
time implementation [28]. For the Hankel function
in the numerator, however, such an efficient imple-
mentation is not known so far. Thus, the driving
functions have to be computed by using traditional

filter design methods, e.g., bilinear transform [29,
Sec. 16.2.3.2].

5. CONCLUSIONS

The driving function of virtual cylindrical waves,
(20) and (23), were derived both in 3D and 2.5D
NFC-HOA. This is done by converting the circular
harmonics expansion coefficients to spherical har-
monics expansion coefficients. The properties of the
reproduced sound fields were investigated through
numerical simulations, with our focus on the ampli-
tude distribution within the listening area, as well
as on the amplitude change due to the source move-
ment in the virtual space. Comparing the results
with WE'S reveal that NFC-HOA is somewhat supe-
rior in terms of amplitude accuracy, especially near
the center of the listening area.

The observations on the physical properties of syn-
thetic sound fields, presented in this paper, might

AES 138t Convention, Warsaw, Poland, 2015 May 7-10
Page 8 of 13



Hahn AND Spors

Virtual Cylindrical Waves in NFC-HOA

be associated with loudness perception or auditory
distance perception of virtual sound source [30, 31].
However, no concrete conclusion can be drawn at
this stage, as the latter are still open topics even for
real sound sources [32, 33].
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Fig. 3: Amplitude decay in the synthesized sound field of a virtual line source (ris = 2 m, s = 5 rad)
synthesized by 3D sound field synthesis (N = 484, ro = 1.5 m). The virtual line source is indicated by

the black circle o, and the amplitude decay of a real line sources by dashed gray lines. The sound field of
f =250 Hz was normalized to 0 dB at y = 0.
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Fig. 4: Sound field at the origin synthesized using 3D sound field synthesis (N = 484, rp = 1.5 m).

Monochromatic virtual line source (s = 4 rad, f = 750 Hz) moved on the y-axis. The dashed gray line
indicates the amplitude of a real line source.
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x / m z / m

(a) f =750 Hz (b) f=2.5 kHz

Fig. 5: Synthesized sound fields, R{S(x,w)}, of a virtual line source (15 = 2 m, aj, = % rad) using 2.5D
NFC-HOA (N = 64, rg = 1.5 m). The virtual line source is denoted by black circles e.
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Fig. 6: Amplitude decay in the synthesized sound field of a virtual line source (rs = 2 m, ajs = § rad,
f = 750 Hz) synthesized by 2.5D sound field synthesis (N = 64, 7o = 1.5 m). The position of the virtual
line source is indicated by the black circle o, and the amplitude decay of a real line source by the dashed
gray line. The sound fields are normalized to 0 dB at y = 0.
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Fig. 7. Amplitude decay in the sound field of a virtual line source (ris = 2 m, ays = 7§ rad) synthesized by
2.5D sound field synthesis (N = 64, ro = 1.5 m). The virtual line source is indicated by the black circle
e, and the amplitude decay of a real line sources by dashed gray lines. The sound field of f = 250 Hz was

normalized to 0 dB at y = 0.
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Fig. 8: Sound field at the origin synthesized using 2.5D sound field synthesis (N = 64, ro = 1.5 m).
Monochromatic virtual line source (s = 4 rad, f = 750 Hz) moved on the y-axis. The dashed gray line

indicates the amplitude of a real line source.
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