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Introduction

Binaural synthesis utilizing head-related transfer func-
tions (HRTFs) is a common approach to auralize vir-
tual acoustic sources. HRTFs represent the acoustic free
field transmission path from the source to the outer ears.
They capture the acoustic characteristics of the outer
ears which are exploited by the human auditory sys-
tem in order to deduce spatial information. HRTFs dif-
fer amongst individuals due to varying anatomy. They
are additionally depending on the head/body-orientation
and position with respect to the source. HRTFs are typ-
ically measured in anechoic environments. For a virtual
acoustic scene, left and right ear drum signals are ren-
dered by filtering an anechoic signal of a virtual sound
source with the left and right ear HRTFs.

In order to enable arbitrary positioning of the virtual
sound source, a (densely) sampled grid of HRTFs is nec-
essary. It is obvious that the measurement effort for the
required HRTF dataset would be considerable. Hence,
typical datasets are available for various source directions
(on a circle or on a sphere) but only for a few distances
up to 3 meters [1]. The characteristics of the HRTFs are
generally assumed to be invariant with regard to source
distances exceeding this threshold [2]. However, HRTFs
of nearby sound sources significantly depend on the dis-
tance [2].

In the past several approaches have been proposed to
extrapolate an HRTF for a desired distance from an avail-
able HRTF dataset. Two of them expand the HRTFs into
surface spherical harmonics in order to perform extrap-
olation in the spherical harmonics domain [3, 4]. Other
methods interpret the available HRTF measurements as a
virtual loudspeaker array, which has be to driven accord-
ing to the desired source position. While some of these
techniques [5, 6] are based on Higher Order Ambisonics
(HOA), a numerically stable and computationally effi-
cient method uses Wave Field Synthesis (WFS) [7].

The latter method was further refined in [8] using Local
Wave Field Synthesis (LWFS) [9], which utilizes a distri-
bution of focused sources as so-called virtual secondary
sources. These are placed more densely and nearer to
the listener than the original HRTF dataset. This paper
analyses, in how far the number of the virtual secondary
sources and their distance to the listener influences the
accuracy of this extrapolation method. This is done by
comparing the extrapolated HRTFs with measured ones
with regard to important characteristics, i.e. the magni-
tude spectrum and the average Interaural Level Differ-
ence (ILD).
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Figure 1: In Local Wave Field Synthesis the desired sound
field S (x, ω) is reproduced inside the local listening area Vl

(yellow shade) with the virtual secondary source distribution
(dots) on its boundary ∂Vl. Active virtual secondary sources
and loudspeakers are shaded dark.

Local Wave Field Synthesis

The goal of LWFS is to reproduce a desired sound
field S (x, ω) of a virtual source within in so-called lo-
cal listening area Vl (see Fig. 1). This can be achieved
with a surrounding distribution of loudspeakers (also
termed secondary sources) located at ∂V0. The (3D) free-
field Green’s function G0 (x− x0, ω) characterizes the
sound field emitted by one loudspeaker with its position
x0 ∈ ∂V0. The synthesized sound field

P (x, ω) =

∮
∂V0

D0 (x0, ω)G0 (x− x0, ω) dA0 , (1)

is then given as the superposition of all loudspeakers
which are individually driven by D0 (x0, ω). The bound-
ary element dA0 is suitably chosen for integration. In
LWFS, the loudspeakers are used to establish a distribu-
tion of virtual secondary sources, which has to be driven
like a real loudspeaker setup. The loudspeakers’ driving
function is therefore given as

D0 (x0, ω) =

∮
∂Vl

Dl (xl, ω)Dfs (x0 − xl, ω) dAl . (2)

The driving function Dfs (x0 − xl, ω) creates the impres-
sion of one virtual secondary source at the focus point
xl ∈ ∂Vl. Each virtual secondary source is driven by the
traditional WFS driving function

Dl (xl, ω) = −2 al (xl)
∂

∂nl
S (x, ω) , (3)
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Figure 2: The plots show the real part of the reproduced sound field P (x, ω) of a virtual, monochromatic (f = 4kHz) point

source at xps = [0, 1.5, 0]T m. A circular array of 56 Loudspeakers (black dots) with a radius of 1m is used for reproduction.
The number Nl and the radius Rl of the virtual secondary sources (black crosses) is varied among the three plots. All sound
fields are normalized to their respective values at [0, 0, 0]T .

where the directional gradient ∂
∂nl

is defined as scalar
product of the boundary’s inward normal vector nl and
the gradient ∇S (x, ω) evaluated at x = xl. The sec-
ondary source selection criterion al (xl) ensures that only
those virtual secondary sources are active where the
propagation direction of the virtual source S (x, ω) at
the position xl has a positive component in direction of
the normal vector nl.

While Eq. (1) and (2) assume continuous boundaries,
practical setups introduce discretization of the (virtual)
secondary source distribution. Hence, both integrals mi-
grate to sums over discrete positions x0 and xl, respec-
tively. The coarser the spatial resolution of either of the
distributions, the more spatial aliasing is contributed to
the reproduced sound field [10]. Figure 2 exemplarily
shows that a larger local listening area demands addi-
tional virtual secondary sources in order to avoid alias-
ing. The reproduction accuracy of LWFS is furthermore
bounded by the number of loudspeakers.

Range Extrapolation of HRTFs

The HRTF dataset is interpreted as emerging from a
virtual loudspeaker setup. In order compute an extrap-
olated HRTF, these loudspeakers are driven by LWFS.
Typical HRTF measurements are performed for source
position on a circle or on a sphere. In this paper, the
HRTFs are assumed to be measured on a regular, circu-
lar grid in the horizontal plane for the ease of illustration
(see Fig. 3). This is covered by the theory of 2.5D WFS
[10, Sec. 4]. The proposed method can nevertheless be
extended to three-dimensional datasets, since LWFS al-
lows for any convexly shaped loudspeaker setup. The
circular, local listening area is centered around the lis-
teners head.

The head-above-torso orientation of the listener states
an additional degree of freedom for the HRTF mea-
surements and can be considered by the extrapolation
method straightforwardly [8]. It is however not in the fo-
cus of this publication and remains fixed for convenience.

Hence, the extrapolated HRTF for the apparent sound
source position xps is given as

H̃{L,R}(xps, ω) =

N0−1∑
n=0

D0 (x0,n, ω)H{L,R}(x0,n, ω). (4)

This equation is derived from eq. (1) by replacing the
Green’s function with the measured H{L,R}(x0,n, ω) and
by discretizing the integral to N measurement positions
x0,n = R0[cos(α0,n), sin(α0,n), 0]T . The positions are
equally spaced with respect to their azimuth angle, i.e.
α0,n = 2πn/N0. The loudspeakers’ driving function

D0 (x0,n, ω) =

Nl−1∑
m=0

Dl (xl,m, ω)Dfs (x0,n − xl,m, ω) (5)

is derived analogously by discretizing eq. (2). The po-
sition of the Nl (equally distributed) virtual secondary
sources are denoted by xl,m = Rl[cos(αl,m), sin(αl,m)]T .
The 2.5D driving function for a focused source at xl is
given as [8, eq. (4)]

Dfs (x0 − xl, ω) =
1

2π
afs (x0 − xl)

√
−j
ω

c
×

g2.5D(x0)
(x0 − xl)

Tnl

|x0 − xl|3/2
ej

ω
c |x0−xl| ,

(6)

where the secondary selection criterion for a focused
source reads

afs (x0 − xl) =

{
1 , if nT

l (x0 − xl) < 0

0 , otherwise
(7)

and nl = −[cos(αl), sin(αl), 0]T . The virtual secondary
sources are driven by traditional WFS [8, eq. (6)]

Dl (xl, ω) =
1

2π
al (xl)

√
j
ω

c
×

g2.5D(xl)
(xl − xps)

Tnl

|xl − xps|3/2
e−j

ω
c |xl−xps|

(8)
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Figure 3: The loudspeaker symbols illustrate the virtual
loudspeaker setup, i.e. the measured HRTF dataset. The
virtual secondary source distribution is depicted by the bul-
lets. Active virtual secondary sources and loudspeakers are
shaded dark.

according to the desired extrapolated position of the
point source xps. The selection criterion for the virtual
secondary source reads

al (xl) =

{
1 , if nT

l (xl − xps) > 0

0 , otherwise.
(9)

As a beneficial side effect of this criterion, inactive vir-
tual secondary sources can be discarded from the com-
putation. This reduces the complexity of the extrapola-
tion approach. The number of active virtual secondary
sources is denoted by N ′l .

A well known artefact of 2.5D reproduction is a sys-
tematic mismatch of the amplitude decay between the
desired and the reproduced sound field. Hence, these de-
viations will also occur in the ILDs of the extrapolated
HRTFs, especially for lateral sources [8]. g2.5D(x{0,l}) =√

2π|x{0,l} − xref | [11, eq. (4)] is a geometry dependent
correction factor, which ensures an approximately correct
amplitude at the reference position xref . This parameter
can be chosen for each ear separately in order to com-
pensate the amplitude deviations.

Evaluation

The evaluation is performed by comparing measured
HRTFs with their extrapolated pendant. For this pur-
pose the HRTF dataset of [12] is used. It was captured
with a Knowles Electronics Manikin for Acoustic Re-
search (KEMAR), type 45BA, for source positions of dif-
ferent distance ({0.5, 1, 2, 3}m) and azimuth from -180◦

to 179◦ with a azimuthal resolution of 1◦. In the experi-
ment, HRTFs with a distance of 1m are used to extrap-
olate HRTFs of 3m distance. The reference point xref is
placed at center of the listeners head [0, 0, 0]T .
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Figure 4: The plot shows average ILD of the HRTFs for
a sound source with a distance of 3m. The ILD of mea-
sured HRTFs (red) is shown as a reference. The green and
the blue line show ILDs of the extrapolation with xref ≈
[−0.5,±7.9,−3]T cm and xref ≈ [0, 0, 0]T , respectively.

The effects of the parameters N ′l (number of active
virtual secondary sources) and Rl (radius of the local
listening area) on the magnitude spectrum of the extrap-
olated HRTFs are illustrated in Fig. 5: For a fixed size
of the local listening area, aliasing artefacts are clearly
visible at high frequencies, if an insufficient number of
virtual secondary sources is used. Increasing N ′l beyond
60 does not further improve the result. The effects of
Rl can be split into two aspects: Obviously artefacts oc-
cur when the virtual secondary sources are too near or
”inside” the listeners head. Larger radii cause aliasing
at high frequencies, since more virtual secondary sources
are necessary for the resulting size of the listening area.

It has been outlined in the last section, that the sys-
tematic amplitude deviations of 2.5D sound reproduction
distort the ILD. This can be seen in Fig. 4, when com-
paring the extrapolated result with the reference. Set-
ting the reference position for each ear individually to
xref ≈ [−0.5,±7.9,−3]T cm (position of the ears used in
[13]) slightly improves the result. The amplitude distor-
tion is not completely compensated, though.

Conclusion

This work analysed the influence of different parame-
ters on the accuracy of an HRTF extrapolation technique
using Local Wave Field Synthesis. In the experiments
the usage of 60 active virtual secondary source with a
distance of 30cm to the head yield the best accuracy. In
general, the results state a tradeoff between computional
complexity and achievable precision. They further estab-
lish a connection between the physical accuracy of sound
field reproduced by LWFS and the resulting ear signals.
This motivates further investigation on the perceptual
attributes of differently parameterized LWFS setups.

It has been shown, that a sensible choice of the refer-
ence position for both ears can improve the extrapolation.
It is however a non-trivial task to adjust the reference po-
sition in order to achieve an optimal compensation of the
2.5D related amplitude deviations. The perceptual im-
pact of this parameter is also unclear and its investigation
remains as future work.
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Figure 5: The plots show the magnitude spectra of the extrapolated left ear HRTF for a sound source with an apparent
azimuth of 45◦ and a distance of 3m using different parametrizations for LWFSs. The measured HRTF (red) for this source
position is shown as a reference in both plots. All spectra were normalized to their respective value at 100 Hz and are shifted
about 40 dB each for a better visualization.
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