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ABSTRACT

In order to analyze a sound field with a high spatial resolution, a large number of measurements are
required. A recently proposed continuous measurement technique is suited for this purpose, where the
impulse response measurement is performed by using a moving microphone. In this paper, it is applied for
the measurement of spatial room impulse responses on a spherical surface. The microphone captures the
sound field on the sphere at discrete elevations while the system is periodically excited by the so-called
perfect sequence. The captured signal is considered as a spatio-temporal sampling of the sound field,
and the impulse responses are obtained by a spatial interpolation in the spherical harmonics domain.
The elevation angles and the speed of the microphone are chosen is such a way that the spatial sampling
points constitute a Gaussian sampling grid.

1 Introduction

The spatial structure of a sound field is of par-
ticular interest in the analysis and synthesis of
a sound field [1, 2, 3]. In order to capture the
spatio-temporal characteristics of a sound field,
the impulse responses are measured at spatially
distributed positions. The number of impulse re-
sponses, required to fully describe a sound field
within a bounded region, is determined by the
spatial bandwidth of the sound field [1, 2]. Con-
ventionally, the spatial impulse responses are mea-
sured in a static experimental set-up, assuming
linearity and time-invariance of the acoustic path.

Alternatively, a spatially dense measurement can
be performed by using a continuously moving mi-
crophone. The microphone captures the sound

field along a pre-defined trajectory while the sys-
tem is periodically excited. The desired impulse
responses are then extracted from the captured
signal. Several approaches have been proposed
to address the time-varying system identification
problem [4, 5, 6, 7, 8]. In [7], it was pointed out
that the continuous measurement can be consid-
ered as a sampling and reconstruction problem,
and was proposed to perform the system identifi-
cation by means of spatial interpolation. It was
shown that currently available approaches can be
also interpreted as spatial interpolation with dif-
ferent interpolation filters [9, 10]. In a series of
studies, the continuous measurement on a circular
path has been studied extensively [9, 11, 12, 13],
where the anti-aliasing condition for the micro-
phone speed is derived based on the bandwidth of
the circular harmonics.



Hahn and Spors Continuous Measurement on a Sphere

In this paper, an extension to the existing method
is proposed for the impulse response measurement
on a sphere. The measurement is composed of cir-
cular measurements at different elevation angles1.
The trajectory of the microphone is determined
by the spatial bandwidth of the sound field in the
spherical harmonics domain. The number of el-
evation angles and the speed of the microphone
is chosen in such a way that the distribution of
the spatial sampling points constitutes a Gaussian
sampling scheme. Since the discretized spherical
harmonics expansion is known for Gaussian grids,
the spatial interpolation in the spherical harmonics
domain is straightforward.

Nomenclature and Mathematical Preliminaries

A sound field in the discrete-time domain is de-
noted by p(r, n), where r denotes the position
vector and n the time index. Position vectors are
represented in spherical coordinates r = (r, θ, φ),

x = r sin θ cosφ

y = r sin θ sinφ

z = r cos θ,

where r denotes the radius, θ ∈ [0, π] the colatitude
angle, and φ ∈ [0, 2π) the azimuth angle. If there is
no ambiguity from the context, a point on a sphere
is denoted by (θ, φ) for brevity. The sampling
frequency is denoted by fs and the speed of sound
by c.

A sound field on a sphere of radius R can be rep-
resented as a spherical harmonics expansion [16,
(6.48)],

p(θ, φ, n) =

∞∑
ν=0

ν∑
µ=−ν

p̆νµ(n)Yνµ(θ, φ), (1)

where Yνµ(θ, φ) denotes the spherical harmonic,
and p̆νµ(n) the expansion coefficient of degree ν
and order µ. The spherical harmonic is defined
as [16, (6.20)]

Yνµ(θ, φ) ≡

√
2ν + 1

4π

(ν − µ)!

(ν + µ)!
Pµν (cos θ)eiµφ, (2)

1A similar configuration was considered in [14, 15] for
head-related impulse responses, where the loudspeakers
are arranged at discrete elevations and a head-and-torso
simulator was continuously rotated.

with Pµν (·) denoting the corresponding associated
Legendre function. The expansion coefficient can
be considered as a projection of the function onto
the respective spherical harmonic, which is given
as a surface integral [16, (6.49)],

p̆νµ(n) =

2π∫
0

π∫
0

p(θ, φ, n)Y ∗νµ(θ, φ) sin θdθdφ, (3)

where (·)∗ denotes the conjugate complex. Equa-
tion (3) and (1) constitute the forward and inverse
spherical harmonic transform, respectively.

In practice, only a finite number of measurements
are available, therefore, the spherical harmonics
transform (3) has to be discretized. To avoid spa-
tial aliasing, the bandwidth of p̆νµ(n) in the spheri-
cal harmonics domain has to be taken into account.
Although a sound field on a sphere is not strictly
band-limited, it was shown in [17, 18] that a homo-
geneous sound field within a source-free region can
be reasonably approximated by a truncated spheri-
cal harmonics expansion. The maximum harmonic
order of the truncated expansion is referred to as
the spatial bandwidth and can be approximated
as [18, Sec. E]

Mη =
⌈eπfR

c

⌉
+ η, (4)

where d·e denotes the ceiling function, f the tempo-
ral frequency, and η a non-negative integer. Since
the truncation error decreases exponentially with
increasing η [17, 18], larger η leads to a more pes-
simistic (broader) bandwidth. For broadband sig-
nals,Mη is computed by substituting f with the
temporal bandwidth.

2 Continuous Measurement

In the first part of this section, the continuous mea-
surement technique based on spatial interpolation
is introduced. As proposed in [7, 11], the time-
varying system identification is treated as a sam-
pling and reconstruction problem. From Sec. 2.6
on, the method is extended to the measurement of
impulse responses on an open sphere, where the
measurement is performed at multiple elevation
angles.
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2.1 System Model

It is assumed that the acoustic transmission from
a source to a receiver is characterized by a finite
impulse response (FIR) model. A sound field on a
spherical surface r = R thus reads

p(θ, φ, n) =

Nh−1∑
k=0

ψ(n− k) h(θ, φ, k), (5)

where h(θ, φ, n) denotes the impulse response, ψ(n)
the source signal, and Nh the length of h(θ, φ, n).
The source position, rs = (Rs, θs, φs) with Rs > R,
is omitted for brevity.

2.2 Excitation by Perfect Sequence

For a continuous measurement, the system is ex-
cited by a periodic signal ψ(n + N) = ψ(n) that
exhibits self-orthogonality,

N−1∑
k=0

ψ(k) ψ(n− k) = σ2
ψ · δn mod N , (6)

where n mod N denotes n modulo N , σ2
ψ ≡∑N−1

k=0 ψ(k)2 the energy of ψ(n) within a period,
and δn the shorthand for the Kronecker delta
δn0. Equation (6) states that the circular auto-
correlation of the signal is an impulse train. A sig-
nal satisfying (6) is called a perfect sequence [19].
Well-known examples are the maximum length se-
quence (MLS) and the perfect sweep [20]. In the
remainder, the excitation period N is assumed to
be longer than Nh so that the identified impulse
responses do not suffer from temporal aliasing [5].
Also, σψ = 1 is assumed for convenience.

Once the system is excited by ψ(n), the sound field
p(θ, φ, n) has the same N -periodicity. The impulse
response at a given position can be obtained by
computing the length-N circular cross-correlation
of p(θ, φ, n) and ψ(n),

h(θ, φ, n) =

N−1∑
k=0

p(θ, φ, k) ψ(k − n), (7)

which can be proven by inserting (5) into (7) and
exploiting (6). Note from (7) that the computa-
tion of h(θ, φ, n) requires N consecutive samples
of p(θ, φ, n). This implies that the sound field at a
particular position has to be captured at least for
one period, in order to obtain the impulse response.

2.3 Spatial Sampling

Let assume that an omni-directional microphone
moves on a spherical trajectory represented by
r′(n) =

(
R,ϑ(n), ϕ(n)

)
and captures the sound

field. If the spatial averaging effect on the di-
aphragm due to the movement is neglected, the
captured signal s(n) represents the sound field at
the instantaneous positions,

s(n) = p
(
ϑ(n), ϕ(n), n

)
= p
(
ϑ(n), ϕ(n), n mod N

)
, (8)

where the second equality is due to above discussed
periodicity. The impulse responses cannot be com-
puted by using (7) at this point, since only one
sample is available for each position.

To better understand the properties of the captured
signal, the samples of s(n) are grouped into N
disjoint sets,

Sm =
{
s(m), s(m+N), s(m+ 2N), . . .

}
(9)

=
{
p
(
ϑ(m), ϕ(m),m

)
,

p
(
ϑ(m+N), ϕ(m+N),m

)
,

p
(
ϑ(m+ 2N), ϕ(m+ 2N),m

)
, . . .

}
,

form = 0, 1, . . . , N−1. The elements of Sm can be
considered as the sound field at the same moment
p(θ, φ, n)|n=m but captured at different positions,(

ϑ(m), ϕ(n)
)
,(

ϑ(m+N), ϕ(m+N)
)
,(

ϑ(m+ 2N), ϕ(m+ 2N)
)
, (10)

....

The captured signal thus can be considered as a
spatio-temporal sampling of p(θ, φ, n).

2.4 Spatial Interpolation

In order to compute the impulse response at a
position, the corresponding sound field has to be
reconstructed from the spatial samples. The sound
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field at the target position is estimated by means
of interpolation,

p̂(θ, φ, n)|n=m =
∑
l

αl p(ϑm+lN , ϕm+lN ,m)

=
∑
l

αl s(m+ lN), (11)

for m = 0, 1, . . . , N − 1. The hat (̂·) denotes
the estimate of the argument and αl the inter-
polation weight. The interpolation has to be per-
formed independently for each m, since the sam-
pling positions (10) exhibit different spatial dis-
tributions. Once the sound field is reconstructed
for all m = 0, . . . , N − 1, the impulse response
ĥ(θ, φ, n) is computed by substituting p(θ, φ, n)
with p̂(θ, φ, n) in (7),

ĥ(θ, φ, n) =

N−1∑
k=0

p̂(θ, φ, k) ψ(k − n), (12)

for n = 0, 1, . . . , N − 1.

An important prerequisite of the presented ap-
proach is that the sampling points in (10) perform
an aliasing-free discretization of the sound field.
The problem of distributing multiple points on a
sphere has been extensively studies in the context
of spherical microphone/loudspeaker arrays and
various types of distributions have been proposed
and analyzed [21, 22, 23]. Among others, the Gaus-
sian sampling scheme is considered in this paper
for the continuous measurement, which is briefly
introduced in the following.

2.5 Gaussian Sampling

In the Gaussian sampling, a sound field with a
spatial bandwidth ofM is sampled at 2(M+ 1)2

points on the sphere [1, Sec. 3.3],

(θζ , φξ), for ζ = 0, 1, . . . ,M
ξ = 0, 1, . . . , 2M+ 1. (13)

While the azimuth angles φξ are equally spaced in
[0, 2π),

φξ =
2π

2(M+ 1)
ξ+ ∆, ξ = 0, . . . , 2M+ 1, (14)

whereas the colatitude angles θζ are given as the
zeros of the Legendre polynomial [1, (3.20)],

PM+1(cos θζ) = 0, ζ = 0, . . . ,M. (15)

Note that, in (14), a circular shift ∆ can be ap-
plied to the azimuth angles without affecting the
properties of Gaussian sampling scheme.

Once a sound field of orderM is sampled with a
Gaussian grid, the discretized spherical harmonics
can be computed as [1, (3.22)],

p̆νµ(n) =

M∑
ζ=0

2M+1∑
ξ=0

p(θζ , φξ, n)

× wζ Y ∗νµ(θζ , φξ), (16)

for ν ≤ M and |µ| ≤ ν. The quadrature weight
wζ is given as [1, (3.21)]

wζ =
π

M+ 1

2(1− cos2 θζ)

(M+ 2)2P2
M+2(cos θζ)

, (17)

which assures the orthogonality of the space-
discrete spherical harmonic transform.

2.6 Trajectories at Discrete Elevations

For the continuous measurement on a sphere, the
microphone is moved in such a way that the sam-
pling points of each Sm in (9) constitute a Gaussian
sampling gird. As depicted in Fig. 1, the measure-
ment is performed forM+ 1 different elevations,
where the colatitude angles are given by (15). The
ζ-th trajectory is denoted by

r′ζ =
(
ϑζ , ϕζ(n)

)
, (18)

for ζ = 0, . . . ,M, where the time argument for ϑζ
is omitted because the elevation angle is fixed for
each trajectory. The respective captured signal is
denoted by sζ(n).

The number of samples in the azimuth angle is
determined by the angular speed of the microphone.
As uniform sampling is required, the microphone
is moved at a constant angular speed Ω (in rad/s).
The azimuthal position thus reads

ϕ(n) =
Ω× n
fs

. (19)
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Fig. 1: Microphone trajectories with discrete ele-
vations. The colatitude angles θζ satisfy
(15) forM = 6.

where the subscript ζ is dropped as the azimuthal
sampling is chosen identical for all elevations.

The length of the captured signal s(n) is 2πfs
Ω

samples, whereas the number of samples in each
Sm is reduced by a factor of N ,

1

N
× 2πfs

Ω
. (20)

By equating (20) with 2(M+1), the angular speed
is obtained,

Ω =
πfs

(M+ 1)N
. (21)

This can be considered as the anti-aliasing condi-
tion for the continuous measurement. The higher
the spatial bandwidth, the slower the microphone
has to move. Note that (21) holds only for the par-
ticular measurement set-up considered here, where
the sampling points are matched to the Gaussian
grid.

As a result, the sound field p(θ, φ, n)|n=m is sam-
pled at discrete positions,(

ϑζ , ϕ(m+ ξN)
)
, (22)

for ζ = 0, 1, . . . ,M and ξ = 0, 1, . . . , 2(M + 1).
The distribution (22) differs for each m, as the
azimuth angles are shifted by Ω×m

fs
.

2.7 Spherical Harmonics Interpolation

The spatial interpolation is performed in the spher-
ical harmonics domain as follows. Based on the
sampled sound field of the previous section, the
spherical harmonics expansion coefficients are com-
puted up to a given orderM by using (16),

p̆νµ(m) =

M∑
ζ=0

2M+1∑
ξ=0

p (ϑζ , ϕ(m+ ξN),m) (23)

× wζY ∗νµ
(
ϑζ , ϕ(m+ ξN)

)
=

M∑
ζ=0

2M+1∑
ξ=0

sζ(m+ ξN) (24)

× wζY ∗νµ
(
ϑζ , ϕ(m+ ξN)

)
,

for m = 0, . . . , N − 1. Equation (24) shows how
the samples of the captured sound field are used
in the computation. The sound field at a desired
position is then computed as a spherical harmonics
expansion (1) with the same harmonic order,

p̂(θ, φ,m) =

M∑
ν=0

ν∑
µ=−ν

p̆νµ(m)Yνµ(θ, φ). (25)

Finally, the impulse response at the corresponding
position is obtained,

ĥ(θ, φ, n) =

N−1∑
k=0

p̂(θ, φ, k)ψ(k − n). (26)

The above process can be considered as an 2-
dimensional interpolation on a sphere,

p̂(θ, φ, n)|n=m =

M∑
ζ=0

2M+1∑
ξ=0

αmζξ (27)

× p
(
ϑζ , ϕ(m+ ξN),m

)
.

The interpolation weight αmζξ can be derived by
substituting (23) into (25),

αmζξ =wζ

M∑
ν=0

ν∑
µ=−ν

Yνµ(θ, φ)Y ∗νµ(ϑζ , ϕ(m+ ξN)
)

=wζ
M+ 1

4π(cos Θm
ζξ − 1)

×
[
PM+1(cos Θm

ζξ)− PM(cos Θm
ζξ)
]
, (28)

where Θm
ζξ denotes the angle between (θ, φ) and(

ϑζ , ϕ(m+ ξN)
)
.
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Fig. 2: Impulse responses and transfer functions for (θ, φ) = (62.0◦, 165.9◦).

3 Evaluation

The presented method is evaluated by numerical
simulations, where the spatial impulse responses on
an open sphere of radius R = 0.15 m are measured
by using a moving microphone. A point source is
placed at rs = (3, π4 ,

π
2 ) in the free field. In the

continuous-time domain, the impulse responses
thus reads

h(θ, φ, t) =
1

4π

δ
(
t− ρ(rs,r)

c

)
ρ(rs, r)

. (29)

Here, δ(·) denotes the Dirac delta function, and
ρ(rs, r) the Euclidean distance,

ρ(rs, r) ≡ ‖(R sin θ cosφ− rs sin θs cosφs,

R sin θ sinφ− rs sin θs sinφs,

R cos θ − rs cos θs)‖, (30)

where ‖ · ‖ denotes the Euclidean norm. As the
propagation delay ρ(rs, r)/c is generally not an
integer multiple of 1

fs
, Lagrange filters of order

23 are used for fractional delay interpolation [24].
The fractional delay filter coefficients are computed
at a sampling frequency of 32 kHz, and converted
back to the original sampling rate of fs = 16 kHz.
The impulses are low-pass filtered with a cut-off
frequency of 6.4 kHz. The speed of sound is set to
c = 343 m/s.

The point source is driven by a perfect sequence
of length N = 800 (50 ms) which exhibits a unit
magnitude and a random phase in the frequency
domain. According to (4), the spatial bandwidth

of the spatial impulse response isM0 = 24. For
M0, the corresponding angular speed is Ω =

πfs
(M0+1)N ≈ 2.51 rad/s which is obtained by (21).

An omnidirectional microphone is used for the
continuous measurement. The measurements are
performed for varying spatial bandwidthM rang-
ing from 2 to 36. For a given M, the elevation
angles and the speed of the microphone are deter-
mined by (15) and (21), respectively. Therefore,
the sound field is sampled at a Gaussian grid in all
cases. The microphone is moved counter-clockwise
on the circular paths at different elevations.

By using the proposed method, 5202 impulse re-
sponses on a Gaussian grid of orderM = 50 are
obtained (51 elevations and 102 azimuths). The
spherical harmonics interpolation is performed by
using the Sound Field Analysis Toolbox2. Indi-
vidual impulse responses at a selected position
(62.0◦, 165.9◦) and the corresponding transfer func-
tions are shown in Fig. 2. Figure 2(a) shows that
the noise floor gets lower for higher spatial band-
width M. The fine structure of the impulse is
more accurately identified for higher M, which
can be also confirmed by the magnitude response
at high frequencies shown in Fig. 2(b). If the anti-
aliasing condition is not fulfilled, high frequency
components are affected by spatial aliasing.

The performance of the individual impulse re-
sponses are evaluated in terms of the normalized

2https://github.com/spatialaudio/sfa-numpy
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mean square error (NMSE),

E(θ, φ) =

[∑N−1
n=0

∣∣h(θ, φ)− ĥ(θ, φ)
∣∣2∑N−1

n=0

∣∣h(θ, φ)
∣∣2

]1/2

. (31)

The NMSEs for different measurement set-ups are
shown in Fig. 3. The direction of the source (θs, φs)
is indicated by ×. As expected, higher accuracy is
achieved for higher-order sampling schemes (more
elevations and slower microphone movement). Al-
though the anti-aliasing condition (21) is already
fulfilled in Fig. 3(b), the performance is further
improved in Fig. 3(c). This is due to the approxi-
mation of the spatial bandwidth used in the deriva-
tion.

In order to compare the overall performance of
different measurement sets, the NMSE is averaged
over the sphere. The mean NMSE, denoted by Ē ,
is computed as the spherical harmonics coefficient
of degree 0 and order 0,

Ē =
Ĕ00√
4π
, (32)

where 1/
√

4π is the normalization factor. The av-
erage NMSE for differentM is shown in Fig. 4 to-
gether with the anti-aliasing condition indicated by
the vertical dashed line. Satisfying the anti-aliasing
condition achieves a mean NMSE of −60 dB. If
higher accuracy is required, a more pessimistic
approximation of the spatial bandwidth has to be
considered, i.e. larger η in (4).

The simulation results show that the presented
method is able to measure the spatial impulse
responses with reasonable accuracy, if the anti-
aliasing condition is fulfilled. The impulse re-
sponses can be further used for sound field analysis
and multichannel sound reproduction. It is worth
noting that the continuous measurement using an
omnidirectional microphone exhibits the same nu-
merical properties, e.g. forbidden frequencies, as
conventional spherical measurements [1, Sec. 4.1].
The latter can be, of course, avoided by using a
rigid sphere or cardioid microphones [1, Sec. 4.2
and 4.3].

4 Conclusion

The continuous measurement technique previously
proposed by the authors is extended to spherical
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Fig. 3: NMSE of the individual impulse responses
for different Gaussian sampling ordersM.

measurements. The measurement is performed
at discrete elevation angles where the microphone
moves at a constant speed. In order to mimic a
Gaussian sampling scheme, the elevation angles
and the speed of the microphone are selected based
on the spatial bandwidth of the sound field under
consideration. The performance of the presented
approach is demonstrated by numerical simula-
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Fig. 4: Mean NMSE for varying spatial band-
widths. The vertical dashed line indicates
the approximated spatial bandwidthM0

of the sound field in (4).

tions. The results validate the interpretation of
the continuous measurement as a sampling and
reconstruction problem.

The presented method can be easily employed in
a motorized measurement system, since the mi-
crophone has to be rotated only in the azimuth
direction. The present study is designed as a proof
of concept, therefore has to be further investigated
in real measurements.
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